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Résumé v

THEOREME DES METRIQUES BOSSELEES AU SENS DE MANE POUR LES CHAMPS DE VEC-
TEURS HAMILTONIEN NON CONVEXE

Résumé

Une propriété est générique au sensé de Mané si, donné un Hamiltonien H : T*M — R, I’ensemble des
fonctions lisses u : M — R tel que H + u vérifie la propriété est un sous-ensemble générique de C*°(M).
Notre objectif est de savoir dans quelle mesure la non dégénérescence de toutes les orbites périodiques
dans un niveau d’énergie donné d’un Hamiltonien lisse non convexe est une propriété générique au sensé
de Mané. Ou la non-dégénérescence signifie que dérivée de l'application de Poincaré ne prend pas les
racines de 'unité comme une valeurs propre.

Pour atteindre cet objectif, nous obtiendrons un théoréme de perturbation pour les aplication de Poincaré
similaire au théoréme de Rifford et Ruggiero dans le cadre convexe, et une forme normale de type Fermi
sur les orbites d’un champ de vecteurs Hamiltonien non convexe. Ce sont deux outils applicables a I’étude
de la dynamique des champs de vecteurs Hamiltoniens non convexes. D’autre part, nous montrerons que
dans les cas convexes et non convexes, nous avons certainement besoin d’un mécanisme différent pour
prouver le théoréme des métrique bosselées pour les orbites symétriques. Une orbite symétrique est une
orbite dont la projection sur les variétés de base comprend soit des points d’auto-intersection, soit des
points & vitesse nulle. Ce fait a été négligé dans les études précédentes.

Une étude détaillée des formes normales locales sur les segments d’orbite d’un champ de vecteurs Ha-
miltonien est donnée. Cela inclut une forme normale pour les Hamiltoniens convexes, une forme normale
pour les Hamiltoniens positivement homogénes qui implique la forme normale de Li-Nienberg pour les
meétriques de Finsler, et comme nous ’avons mentionné une forme normale pour les Hamiltoniens non
convexes. De cette fagon, nous éliminons la confusion qui existe dans la littérature entre la forme nor-
male de Li-Nirenberg et une forme normale souhaitée similaire pour les champs de vecteurs Hamiltoniens
convexes.

Mots clés : Hamiltonien non convexe, théoréme des métriques bosselées, généricité au sens de Mané

BUMPY METRIC THEOREM IN THE SENSE OF MANE FOR NON-CONVEX HAMILTONIAN VEC-
TOR FIELDS

Abstract

A property (p) of smooth Hamiltonian vector fields is called Mafné-generic whenever the set of smooth
potentials u such that H + u satisfies the property (p) is a generic subset.

Given a non-convex smooth Hamiltonian H : T*M — R which is defined on the cotangent bundle of a
smooth manifold M, our goal in this thesis is to know that to what extent non-degeneracy of all periodic
orbits in a given energy level of H is a Mané generic property. Where by a periodic non-degenerate orbit
we mean a periodic orbit that its associated linearized Poincaré map does not take roots of unity as an
eigenvalue.

To that end, we will achieve a perturbation theorem for linearized Poincaré maps similar to Rifford
and Ruggiero’s theorem in the convex setting, and a Fermi type normal form on orbits of a non-convex
Hamiltonian vector field. These are two applicable tools in the study of non-convex Hamiltonian vector
fields. At the other hand, we will show that in both convex and non-convex cases we certainly need a
different machinery to prove the bumpy metric theorem for symmetric orbits. A symmetric orbit is an
orbit that its projection on the base manifolds includes either self-intersection points or points with zero
velocity. This fact was overlooked in previous studies.

A detailed study of local normal forms on orbit segments of a Hamiltonian vector field is given. That
includes a normal form for convex Hamiltonians, a normal form for positively homogeneous Hamiltonians
that implies Li-Nienberg normal form for Finsler metrics, and as we mentioned a normal form for non-
convex Hamiltonians. In this way, we remove the confusion that exists in the literature between Li-
Nirenberg normal form and a similar desired normal form for convex Hamiltonian vector fields.

Keywords: non-convex Hamiltonians, bumpy metric theorem, Mané-generic properties

Département de Mathématiques et Applications, Ecole normale supérieure
45 rue d’Ulm — 75005 Paris — France
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Introduction of the Thesis

A closed geodesic of a Riemannian metric is called non-degenerate if its associated linearized
Poincaré map does not have a root of unity as an eigenvalue. A Riemannian metric is called
bumpy whenever all its closed geodesics are non-degenerate. We are able to use a similar notion
of non-degeneracy for periodic orbits of a Hamiltonian vector field. Consider R"(M) as the set
of all C" Riemannian metrics on a smooth manifold M. We equip R" (M) with the Whitney C”
topology. Let B"(M) C R"(M) be the set of all C" bumpy metrics. The following theorem is
known as the bumpy metric theorem.

Theorem A. Assume that M is a given smooth manifold. For r > 2, B"(M) is a Gs dense
subset of R"(M).

In other words, the bumpy metric theorem states that the property (p) explained as follows

(p) all closed geodesics are non-degenerate
is a C" generic property of R"(M) i.e. the set of all metrics that satisfy property (p) is a Gs
dense subset of R"(M). Note that a G5 subset is a countable union of open subsets.

The bumpy metric theorem is stated by Abraham [Abr70], and a complete proof of it is achieved
after contributions of Abraham [AR67; Abr70], Klingenberg and Takens [KT72], and Anosov
[Ano83|.

Consider H"(T*M) as the set of all C" Hamiltonians defined on the cotangent bundle of a
smooth manifold M. Assume that H"(T*M) is endowed with Whitney C” topology. An energy
level H~!(k) of a Hamiltonian H : T*M — R is regular whenever the Hamiltonian vector field of
H does not vanish on H (k). Concerned to H"(T*M) where r > 2, Robinson [Rob70a; Rob70b]
obtained a similar result as the bumpy metric theorem:

Theorem B. Assume that M is a smooth manifold and r > 2. Let k € R be given. If we define
Ki(T*M) as the set of Hamiltonians H € H"(T*M) such that H='(k) is a reqular energy level
and all periodic orbits in the k-energy level of H are non-degenerate, then KL(T*M) is a Gs
dense subset of H"(T*M).

In this thesis, we study generic properties of H*(T* M) with respect to a much more restric-
tive concept of genericity compared to genericity in terms of the Whitney topologies.
The idea of perturbing a given Hamiltonian H : T*M — R by adding a potential u € C*°(M) is
suggested by Ricardo Mané [Mn96]. Where by a potential we mean a function that only depends
on the based manifold. To put it another way, H +u where u € C*°(M), is a Manié perturbation
of a smooth Hamiltonian H : T*M — R.
Using the Legendre transformation, to a given smooth Riemannian metric g we can correspond
a quadratic Hamiltonian H(q,p) = (p,p)y, where (.,.), is the inner product on T, M induced
by the Riemannian metric g. Geodesics of the metric g are the canonical projections of orbits of
the Hamiltonian vector fields of H, in a given non-zero energy level.
A smooth conformal perturbation of a Riemannian metric ¢ is a perturbation of the form e*(@g

1



Introduction of the Thesis 2

where b(q) € C°(M). Maupertuis’ principle (see [LR98], Theorem 1) implies that a C°°-small
conformal perturbation of a Riemannian metric is equivalent to perturbing its associated Hamil-
tonian via adding a C'*°-small potential.

A property (p) is called Mané generic for H>°(T*M) whenever for a given H € H>®(T*M)
the set G = {u € C*(M) | H + u satisfies (p)} is a G5 dense subset of C°°(M), where the
topology that we have considered on C°°(M) is the Whitney C*° topology.

The following theorem is known as the bumpy metric theorem in the sense of Mané for convex
Hamiltonians. A Hamiltonian H(q,p) : T*M — R is conver whenever its fiberwised Hessian i.e.
8;2H(q,p) is positive-definite for all (q,p) € T* M.

Theorem C. Suppose that M is a given smooth manifold with dimension d + 1, where d > 1,
and H : T*M — R is a convex smooth Hamiltonian. For a given k € R, there exists a Gs dense
subset G C C°°(M) such that for allu € G, (H +u)~Y(k) is a reqular energy level and all closed
orbits in (H + u)~1(k) are non-degenerate.

Oliveira [Oli08] studied the case d = 1 of Theorem C above. A so-called perturbation theorem
—that is obtained later by Rifford and Ruggiero [RR12]— was missing to extend the outcome
of Oliveira’s studies to higher dimensions.

Definition 1. Assume that 6(t) = (Q(t), P(t)) is a periodic orbit of Hamiltonian vector field of
H : T*M — R. Moreover, suppose that T is the minimum period of 0(t). A time ty is called neat
for 8(t) if Q(to) # 0 and Q(to) is not a self-intersection of Q(t) i.e. there does not exist a time
s # to modulo T such that Q(s) = Q(to). If to is a neat time for 6(t), then we call 8(ty) a neat
point.

Both [RR12| and [Oli08] are implicitly assuming that, given a convex Hamiltonian H, all
closed orbits 6§ of Hamiltonian vector field of H are admitting a neat time. This assumption is
not true. For a Hamiltonian of the form H(q,p) = g(p, p) +u(q), where g is a Riemannian metric
and w is a potential, Kozlov [Koz76] proved the existence of periodic librations, where the term
libration refers to an orbit without any neat time. An orbit of a Hamiltonian vector field with
no neat time is also called a symmetric orbit. Look at Section 1 of [Dev76] for example where
features of symmetric orbits of reversible mechanical systems are studied.

We formulate the main assertion of [RR12]| (Theorem 1.2 of [RR12]) as Theorem D below, making
explicit the unstated assumption.

Definition 2. Assume that H : T*M — R is a smooth Hamiltonian which is defined on the
cotangent bundle of a smooth manifold M. Suppose 0(t) is an orbit of the Hamiltonian vector
field of H. We use the notation Cg°(M) for the set of admissible potentials concerned to 6 which
is defined as follows

Co°(M) :={ue C®(M) |u(rob(t)) =0, du(ro0(t)) =0, for all t € R}.
A perturbation alike H+u is an admissible perturbation with respect to § whenever u € Cg°(M).

In the following theorem, Sp(2d) refers to the set of all symplectic matrices of dimension
2d x 2d, and by a regular periodic orbit we mean a periodic orbit that is not a stationary point.

Theorem D (Perturbation theorem for convex Hamiltonians). Suppose that H : T*R4Tt — R
is a smooth convexr Hamiltonian and 0(t) € H~'(k) is a reqular periodic orbit of Hamiltonian
vector field of H. Moreover, assume that 0(t) admits a neat time. Consider

P,6,2): X0 (H+u) Y (k) = X0 (H+u) Y (k), ue ORI,
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as the restricted Poincaré map with respect to 0 and Hamiltonian vector field of H + u, where X
is a transverse section to 0(t). The map F(0, H + u) defined as

Ce (R 3 u — dP, € Sp(2d)
s weakly open.

A mapping is weakly open, if the image of every non-empty open set has a non-empty interior.
For a given periodic orbit 6(¢) of a Hamiltonian vector field, by the restricted Poincaré map in the
above statement we mean the restriction of the Poincaré map to the energy level that includes
0(t).

Once more, consider a Hamiltonian of the form H(q, p) = g(p, p) + u(q) where g is a Rieman-
nian metric and u is a potential. In Section 2.3 we will demonstrate that Theorem D does not
hold for a periodic symmetric orbit of such a Hamiltonian H. That means "6(t) admits a neat
time" is a necessary assumption for Theorem D. In consequence, contrary to what is believed in
the literature, Theorem C is still open. In this thesis, we do not attempt to prove Theorem C
for the case of periodic librations.

The proof given in [RR12] of Theorem D is founded on Lemma C1 of [FR15]; A local normal

form on orbit segments that is similar to Fermi coordinates for Riemannian metrics. See [K1i78§],
[GMKG68], and Section 5 of [Conl0] for Fermi coordinates.
Lemma C1 of [FR15] asserts that a Fermi type symplectic coordinates for a Hamiltonian H (g, p) :
T*M — R is achievable by performing only homogeneous fibered symplectic change of coordinates
i.e. change of coordinates of the form ¥(q,p) = (¢(q), [de~*(q)]"p) where ¢ is a diffeomorphism.
A symplectomorphism is called fibered whenever it preserves the vertical fibrations. A fibered
symplectomorphism is homogeneous if it preserves the zero section, and it is wvertical if it is of
the form ¥(q,p) = (q,p + dg(q)) where g is a real valued C? function. In Chapter 1, we prove
that Lemma C1 of [FR15] is wrong. Furthermore, we obtain an alternative normal form that is
weaker than Lemma C1 of [FR15] but it is sufficient to save the proof of Theorem D which is
given in [RR12].

Besides homogeneous fibered symplectic change of coordinates, the alternative normal form
allows to perform wvertical fibered symplectomorphisms, and conformal reparametrizations i.e.
multiplying a function that only depends on the position variable to the Hamiltonian.

Theorem 1 (Alternative normal form). Assume that H(q,p) : T*RT — R is a given convex
smooth Hamiltonian. Consider 0(t) = (Q(t), P(t)) as a given orbit of the Hamiltonian vector

field of H such that Q(O) # 0 and H(0) = k. There exist a smooth fibered symplectomorphism

U(q,p) : T*RL — T*RI*TL g positive real number §, and a smooth function z(q) : R4 — R
such that (Q(t), P(t)) :== ¥~1(0) is an orbit of the Hamiltonian vector field of

H(q,p) = 2(q)(H o ¥(q,p) — k).

Moreover, for all t € [—0, 4], we have

(1) Qt) = tel, e1 = (1,04)

(2) ( )

(3) 8 (tel, 0)=0
(4) 9 (tel, 0)=0

(5) 8A2H(t61, 0)=1I.

In the above theorem we are using the notation ¢ = (¢1,4) € R x R, and p = (p1,p) € R x R%.
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Li and Nirenberg [LNO05] have obtained a local normal form for Finsler metrics (see [LNO05],
Lemma 3.1) that is similar to Fermi coordinates. Lemma C1 of [FR15] employs Li-Nirenberg
normal form to acquire a similar normal form for convex Hamiltonians which are not necessarily
homogeneous with respect to momentum variable. In Section 1.3, using our original methods, we
prove a normal form for positively homogeneous Hamiltonians; See Theorem 1.3.1 which implies
the Li-Nirenberg normal form. The proof of this normal form helps to clarify the differences
between the Li-Nirenberg normal form and a similar desired normal form for non-homogeneous
Hamiltonians.

Using geometric control methods, Rifford and Ruggiero [RR12] are not only giving a bright

perspective of the perturbation theorem, but also an essential contribution to Theorem C. The
normal form given in Theorem 1 aids to reduce Theorem D to a control problem.
Consider ¢'(z,u) as the Hamiltonian flow of H + u, and 0(t) as a given regular periodic orbit of
H. In the coordinates given by Theorem 1, let R!, : AgN(H +u)~*(0) — A;N(H +u)~1(0), be the
perturbed restricted transition map where A; is defined as A; := {q1 = t}, and u € C§°(R41).
Using the definition of the Hamiltonian flow, we have the equation

d
001 0) = 0 (H + ) ren 0000 00). 3= (). )

which is known as the Jacobi equation in some contexts. Equation (1) can be seen as a control
problem where fagzu(tel) is the control. In the coordinate system introduced by Theorem 1, we
can view equation (1) as two uncoupled equations. In Section 2.2.1, we will show that the solution
of one of these uncoupled equations is identical to the differential of the perturbed transition
map at 0, namely dR? (0). In Riemannian dynamics, a similar application of Fermi coordinates
is discussed in Section 5 of [Conl0).

One of our goals in this thesis is to know that to what extent Theorem D holds after re-
moving the assumption of convexity. The following definition has a central role in our study of
Hamiltonians that are not necessarily convex.

Definition 3. A smooth Hamiltonian H : T*M — R is fiberwised iso-energetically non-degenerate
at a point (q,p) € T*M if

81272H(q7p) aPH(qvp)
[0,H (q,p)]" 0

In other words, Hamiltonian H : T*M — R is fiberwise iso-energetically non-degenerate at
a point (¢,p) € T*M whenever p is a regular point of the function H(q,.) : Ty M — R, and the

et | | 2o

Hessian of H(g,.) is non-degenerate on the kernel of its differential ker (dH (q, )) For a given
smooth Hamiltonian H : T*M — R, define

(2)

Iy e {(qu) €T M | det[ 052 H(q,p) 3pH(q,p)] :0}.

[0,H (q,p)]" 0

Note that H is iso-energetically non-degenerate at (q,p) if and only if (¢,p) & I'y.
For a convex Hamiltonian H : T*M — R, the set I'y is all the points (¢,p) € T*M such that
0pH (q,p) = 0. Therefore, whenever a smooth Hamiltonian H is convex, exactly one point per
fiber belongs to I'y.

The purpose of Chapter 2 is to prove Theorem 3 below which we call the perturbation theorem
for non-convex Hamiltonians.
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Theorem 3. Suppose that 0(t) € H=1(k) is a regular periodic orbit of a smooth Hamiltonian
H : T*R¥ — R. We consider

P,0,%): 20N (H+u)" (k) = XN (H+u) k), wueCFR™,

as the restricted Poincaré map with respect to 0(t) and Hamiltonian vector field of H + u, where
XY is a transverse section to 0(t). Assume that 0(t) admits a neat time to such that 0(to) ¢ I'n.
Then, the map F(0, H + u) defined as

C° (R 5 4 — dP, € Sp(2d)
is weakly open.

We prove Theorem 3 using a generalization of the alternative normal form for non-convex
Hamiltonians. See Theorem 1.4.1. Our proof of Theorem 3 relies on similar geometric control
methods as Rifford and Ruggiero [RR12] have applied.

Note that for a convex Hamiltonian H, if ¢y is a neat time for an orbit §(¢) of the Hamiltonian
vector field of H, then the condition 6(tg) ¢ 'y is automatically satisfied. Therefore, Theorem D
is a particular case of Theorem 3.

In Section 2.3, we demonstrate that the assumption "6(t) admits a neat time ¢y such that
O(to) ¢ I'y" is a necessary assumption for Theorem 3.

Before we introduce the genericity results of this thesis we wish to give a brief chronological
review of related studies about generic properties of dynamical systems.

Kupka [Kup64] and Smale [Sma63] have studied typical properties of the set of C" vector fields
defined on a compact manifold M, namely X" (M ). They independently proved that hyperbolicity
of all closed orbits, and transversality of all heteroclinic intersections are C" generic properties
for X7(M) where r > 1. Peixoto [Pei67| reproves the same result —which is known as Kupka-
Smale theorem— with different methods and generalized it for X™(M) where M is a non-compact
manifold. Abraham [ARG7] gives a new proof of the Kupka-Smale theorem after obtaining the
parametric transversality theorem. It is important to note that hyperbolicity of all closed orbits
in a given energy level is not a generic property of Hamiltonian vector fields; See [MP70; Rob70a;
Rob70b] for more details.

As we saw earlier, parallel studies in the context of Mané genericity are much more recent.
Inspired by [KT72], Carballo and Miranda [CM13] shows that for a given closed orbit 6 of a convex
Hamiltonian H, the f-jets of the map F(0, H + u) —that we have defined in Theorem D— are
weakly open for all £ > 1. The proof given in [CM13]| depends on conclusions of [RR12]. Lazrag,
Rifford and Ruggiero [LRR16; Laz14| proves that the restriction of the same map F (6, H + u)
to C? potentials is an open mapping.

In Chapter 3, we prove two genericity results, Theorem 4 and Theorem 5 below. These
theorems are immediately concluding Theorem 6 which we can consider as a bumpy metric
theorem in the sense of Mané for non-convex Hamiltonians.

Theorem 4. Assume that H : T*M — R is a smooth Hamiltonian defined on the cotangent
bundle of a closed smooth manifold M. Let T C Sp(2d) be a given F, nowhere dense subset
invariant under congugacy. For a given k € R, there exists a Gs dense subset G C C*°(M) such
that for all u € G the k-energy level of H + u is reqular; Moreover, if 0(t) € (H + u)~1(k) is
a periodic orbit that admits a neat time to such that 0(to) ¢ 'y, then the linearized restricted
Poincaré map associated to 0 and Hamiltonian vector field of H + u does not belong to Y.

Note that a subset is called F, if it is the complement of a G5 subset.
The proofs given by Oliveira [Oli08] and Anosov [Ano83] of bumpy metric theorems are
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including three main phases: Besides a machinery to perturb the linearized Poincaré map asso-
ciated to a given periodic orbit (Theorem 4.5 in [Oli08] and Theorem 2 in [KT72]), both proofs
in [Ano83] and [Oli08] are applying the parametric transversality theorem which is a general-
ization of Thom’s transversality theorem. See Theorem 19.1 of [AR67]. Furthermore, Anosov
and Oliveira are applying an induction on recurrence of periods of orbits; Look at the proof of
Lemma 3.6 in [O1i08] for example.

The proof that we give for Theorem 4 in Section 3.2.1 has a crucial dependence on the perturba-
tion theorem for non-convex Hamiltonians. However, we do not use induction on recurrence of
periods, and we prove a variant of parametric transversality theorem tacitly during the proof of
Theorem 4. In this way, the proof of Theorem 4 would be comprehensible after recalling a few
standard facts in general topology. Nevertheless, we face a new challenge to prove the bumpy
metric theorem in the non-convex setting. That is to investigate, given a smooth Hamiltonian H,
to what extent all non-symmetric orbits of H + u are admitting a neat time in the complement
of I'y where u is a generic smooth potential. See Theorem 5 below in which we refer to the
following hypothesis.

Hypothesis 1. The subset I'y C T*M is contained in a countable union of submanifolds of
positive codimension which are transversal to the vertical fibrations.

Theorem 5. Let H : T*M — R be a smooth Hamiltonian defined on the cotangent bundle of
a smooth manifold M. Assume that 'y satisfies Hypothesis 1. There exists a Gs dense subset
G C C™(M) such that for all uw € G, the Hamiltonian vector field associated to H + u has the
following property:

For each orbit 0(t) of H +u and each time to such that 8,H (6(to)) # 0, there exist an open
neighborhood I C R around to so that 0(I \to) NIy = 0.

If ¢y is a neat time of an orbit 6(¢) of Hamiltonian vector field of H, then there exists an
open segment of 6(¢) such that it includes ty and it consists of neat points only. That is to say
admitting a neat time is an open condition for an orbit 6(¢). Hence, Theorem 5 instantly implies
that the property (g) described below is a Mafié-generic property for Hoo (T*M) which denotes
for all Hamiltonians H € H>(T* M) such that I'y satisfies Hypothesis 1.

(g) all orbits that are admitting a neat time are also admitting a neat time in the complement

of I'y C T*M.
In other words, for a given Hamiltonian H € H(T*M), the set of potentials {u € C°°(M) |
H + u satisfies (g)} is a G5 dense subset of C°°(M). Therefore, Theorem 4 and Theorem 5 imply
the following theorem.

Theorem 6. Assume that H : T*M — R is a smooth Hamiltonian defined on the cotangent
bundle of a smooth manifold M. Suppose that I'y satisfies Hypothesis 1. Let T C Sp(2d) be a
F, nowhere dense subset invariant under congugacy. For a given k € R, there exists a G5 dense
subset G C C°(M) such that for all u € G the Hamiltonian H + u has the following property:

(H + u)~*(k) is a regular energy level. Furthermore, if 0(t) € (H + u)~*(k) is a periodic
orbit that admits a neat time, then the linearized restricted Poincaré map associated to 6(t) and
Hamiltonian vector field of H + u does not belong to Y.

If we choose T C Sp(2d) as the subset of all matrices that are taking a root of unity as their
eigenvalues, then the above theorem for such subset T is what we are able to consider as a bumpy
metric theorem in the sense of Mané for non-convex Hamiltonians.

The results of this thesis is already published in research articles [AB21] and [AB22]. From
time to time, the notations and presentation of the statements and proofs in this thesis are
slightly different compared to the articles.
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Li and Nirenberg [LNO05] achieved a local normal form on geodesics of Finsler metrics. See
Lemma 3.1 in [LNO05] which is equivalent to Corollary 1.3.2 below. As we mentioned in the
introduction of this thesis, Lemma C.1 of [FR15] attempts to apply Li-Nirenberg normal form
to obtain a similar normal form for convex Hamiltonians. We represent Lemma C.1 of [FR15]
as Proposition 1.2.6 below.

In Section 1.2, we prove that the statement of Lemma C.1 in [FR15] is wrong. Furthermore, we
introduce an alternative normal form weaker than Lemma C.1 in [FR15] but applicable to save
the proof of Theorem D given in [RR12] which is based on the wrong normal form.

In Section 1.3, Theorem 1.3.1 gives a normal form for homogeneous Hamiltonians. We prove
Theorem 1.3.1 using the methods that we develop during the chapter and we show that it
implies Li-Nirenberg normal form.

We devote Section 1.4 to obtain an extension of the alternative normal form for non-convex
Hamiltonians. See Theorem 1.4.1 which we apply to prove the perturbation theorem for non-
convex Hamiltonians in the next chapter.

In the first two chapters of this thesis, since we are studying local properties of Hamiltonian
vector fields, without loss of generality we state all the results for Hamiltonians that are defined
on cotangent bundle of an Euclidean space instead of cotangent bundle of a smooth manifold.
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1.1 Preliminaries

1.1.1 Fibered symplectomorphisms

Definition 1.1.1. A symplectomorphism ¥ : T*R1 — T*RI*T1 s fibered if it preserves the
vertical fibrations. In other words, W is fibered if and only if W(q,p) = (¢(q),G(q,p)) where
@ : R 5 RI*L s o diffeomorphism.

In the context of this thesis, it is necessary to restrict ourselves to perform only fibered symplectic
changes of coordinates. Otherwise, a given function that depends only on the variable ¢ would
depend on the variable p after performing a symplectic change of coordinates, and that means
the set of potentials would depend on coordinate system.

Definition 1.1.2. A fibered symplectomorphism ¥(q,p) : T*RI¥*! — R+ 4s homogeneous if it
preserves the zero section. In other words, ¥ is homogeneous if and only if

U(q,p) = ((a), [de™ ()] p),

where ¢ : R — R s a diffeomorphism.
A fibered symplectomorphism U is vertical if U(q,p) = (q,p+dg(q)) for a C? function g : R¥TT —
R.

The following lemma approves that each fibered symplectomorphism is either homogeneous,
vertical, or a composition of a homogeneous (vertical) symplectomorphism with a vertical (ho-
mogeneous) symplectomorphism.

Lemma 1.1.3. Given a diffeomorphism ¢ : R4 — R ¢ function W : T*R¥T — T*R4HL
defined as V(q,p) := (gp(q), G(q,p)) is a symplectomorphism if and only if G satisfies

G(q,p) = [de™ ()] p + dg(q),

for a C? function g : R¥t! — R.

Proof. By definition of a symplectomorphism, ¥ satisfies the following
dwpav]” =7, J= [ 0 I} . (1.1.1)

We expand the left side of (1.1.1) to have

oo acl [ ol [ ] =1
A" 0,00, + 0,610,7| = |
> Ladar 00 aanar) = 0

Therefore,

dpl0,G)T =1, (1.1.2)
—(0,G)9,G + 9,G[0,G]* = 0. (1.1.3)

From (1.1.2), we have 9,G(q,p) = [dp~1(¢)]* which implies

G(a,p) = [de™ ()] p + f(a), (1.1.4)
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where f : R4t — RI*! is a O function. After differentiating equation (1.1.4) with respect to ¢
and p variables we conclude the following equations

9pG(q,0) = [dp ()], (1.1.5)
94G(q,0) = df (q)-
Now we rewrite (1.1.3) on the points (g, 0)
~0,G(q,0)0,G(q,0) + 9,G(q,0)[0,G(q,0)]" = 0. (1.1.7)
Replacing equations (1.1.5) and (1.1.6) into (1.1.7) yields

[de (@) " [df ()" = [de™ ()] df (q) = [df (q)]" = df (q)-

Hence, since [df (q)]T = df (q), by Poincaré lemma a C? function g : R4*! — R exists such that
f = dg which allows us to rewrite (1.1.4) as G(q,p) = [de~1(¢)]Tp + dg(q). O

1.1.2 Homogeneous Lagrangian and Hamiltonians, Finsler metrics

For a convex Hamiltonian H : T*R9*! — R, recall the Legendre-Fenchel duality which corre-
sponds to H the Lagrangian L : TR*! — R defined as

L(g,v) = s {{(p,v) = H(q,p)}- (1.1.8)

Definition 1.1.4. Consider a Lagrangian L(q,v) : TR — RY which admits only positive
values. For a fized B € NU{0}, L is called (positively) B-homogeneous or (positively) homogeneous
of degree 8 if for each (r € RY) r € R\ {0},

L(gq,mv) =’ L(g, v).

L is called o Finsler metric if it satisfies the following three properties

(1) L is smooth on v # 0

(2) L is positively 1-homogeneous

(3) L is even with respect to the v variable i.e L(q, —v) = L(q,v)

(4) L? is convex i.e. 0%, L?(q,v) is positive-definite for all (q,v) € R4,
Similarly, we say H(q,p) : T* R — R* is (positively) B-homogeneous if

H(q,rp) =" H(q,p). (1.1.9)

Lemma 1.1.8 below determines the relation between orders of homogeneity of a convex Hamil-
tonian and its corresponding Lagrangian. To prove this lemma, we use Euler’s theorem for ho-
mogeneous functions. Further in this chapter, we apply Euler’s theorem in Section 1.3 where we
prove a normal form for homogeneous Hamiltonians.

Theorem 1.1.5 (Euler’s theorem for homogeneous functions). Lagrangian L(q,v) : TR —
RY is B-homogeneous if and only if

(v,0,L(g,v)) = BL(q,v)- (1.1.10)
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Similarly, a Hamiltonian H(q,p) : T*RT! — R* is 8-homogeneous if and only if

(p.0pH(q,p)) = BH(q,p)- (1.1.11)
Remark 1.1.6. If L(q,v) : TR — R¥ is a Finsler metric then it satisfies
(v,0,L(q,v)) = L(q,v). (1.1.12)

However, a Lagrangian that satisfies (1.1.12) is not necessarily even with respect to the variable
.

Corollary 1.1.7. If L(q,v) be a positively 5-homogeneous Lagrangian, then 0,L(g,v) is posi-
tively homogeneous of degree 5 — 1 with respect to v-variable.

For a homogeneous Hamiltonian H(q,p) of degree B, 0,H (q,p) is positively (5 — 1)-homogeneous
with respect to p-variable.

Proof. Differentiation (1.1.11) with respect to p yields (p, 8§2H(q,p)> +0,H(q,p) = BO,H(¢,p),
so we have

(p, 02 H(q,p)) = (B = 1)0,H (q,p)- (1.1.13)
From equation (1.1.13) above and Euler’s theorem we conclude that 0,H (g, p) is positively ho-
mogeneous of order g — 1. O

Lemma 1.1.8. Assume that Lagrangian L(q,v) : TR — R* is smooth, conver, and positively
B1-homogeneous where 81 > 1. If H(q,p) is the dual Hamiltonian of L, then H is positively [Bo-
homogeneous where é + é =1.

Proof. By Corollary 1.1.7, p = 9,L(q,v) is positively (81 — 1)-homogeneous with respect to
v-variable. For a given r > 0 the Legendre-Fenchel duality gives

L(g,rv) =rLigv) = sup  {{r""'p,rv) — H(g,r™ " 'p)}
pETyRI+1
= s {rPpo) =TV H (g p)} (1.1.14)

d
pETRITL

After multiplying r =% to (1.1.14) we have

L(g,v) = sup {(p,v) —rP= V8P (g p)}.
pET;Ri+1

We have assumed that H is the corresponding Hamiltonian of L; Therefore, from the above
equation and Legendre-Fenchel duality we conclude that (8; — 1)82 — 1 = 0 which implies that
1 1
a4+ 5+ =1. O
b1 B2
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1.2 Local normal form on orbits of a convex Hamiltonian

In this section, first we introduce the alternative normal form, and afterwards we prove that
the statement of Lemma C1 in [FR15] is not correct.

1.2.1 The alternative normal form

In the statement of the following theorem we are using the notation ¢ = (¢1,4) € R x R? and
p= (p1,p) € R x RY.
Theorem 1.2.1 (Alternative normal form). Assume that H(q,p) : T*R**! — R is a given
conver smooth Hamiltonian. Consider 0(t) = (Q(t),P(t)) as a given orbit of the Hamilto-
nian vector field of H such that Q(O) # 0 and H(9) = k. There exist a smooth fibered sym-

plectomorphism U(q,p) : T*R¥ — T*RIHL g positive real number §, and a smooth function
2(q) : R — R such that (Q(t), P(t)) :== U=(0) is an orbit of the Hamiltonian vector field of

H(q,p) := z(q) (ﬂo U(q,p) — k) Moreover, for all t € [—0,0], we have
(1) Q(t) =ter, e =(1,04)
(2) P(t)=0
(3) 5‘§1pH(t61, 0)=0
(4) 07,H (te1,0) =
(5) 3A2H(t61, )— I

Remark 1.2.2. Assertions (1) and (2) imply
(6) 92 H(te1,0) =0, forall te[-6,0].

q19
Proof of the remark. From (1) and (2) we have J,H(te;,0) = P(t) = 0 for all t € [-6,0].
Therefore, 97, ,H(te1,0) = 0. O

Proof of (1). Because Q(O) # 0, the mapping ¢ — Q(¢) is an embedding near ¢ = 0. Therefore,
there exists 7 > 0 and a diffeomorphism ¢y : R¥ — R such that ¢o(Q(t)) = te; for all
t € [—7,7]. Define

Uo(q,p) := (¢o(q), [y '1"p), H :=Ho Wy

The Hamiltonian H satisfies (1). O

In the proofs of (2) to (5) below, let 7 be the same as proof of (1). Moreover, assume that for
all t € [—7, 7] the given orbit 6(¢) satisfies 0(t) = (te1, P(t)).
To preserve assertion (1) in the following proofs, we use only admissible symplectomorphisms:

Definition 1.2.3. A fibered symplectomorphism ¥(q,p) = (cp(q), G(q,p)) is admissible whenever
@ is identity on the segment {tel |t e[, T}}, where T is introduced in the proof of (1).

—1}T

Remark 1.2.4. An admissible homogeneous symplectomorphism ¥(q,p) = ((,o(q)7 [de p)

satisfies
dp(ter)er = e, ([dwfl(tel)]Tp)l =p1, foral pe (R, (1.2.1)

where (.)1 denotes for the first component of a vector.

Proof of (2). Let v(g1) : R — R be a smooth function such that v/(t) = P,(¢) for all t € [—7,7].
Where we used the notation P = (P, P) € R* x (R%)*. Define

Ui (q,p) = (g;p+du(q)), ulq,qd) =v(q1)+ P(q1)d-
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Then for all t € [—7,7], we have U ' (te1, P(t)) = (te1, P(t) — du(ter)) = (tey,0). O
Proof of (4). Suppose VU, is already performed. Define the vector field
Vig) := 0,H(q,0).

Because V(0) = Q(O) # 0, using tubular flow theorem (see [PMM12]| Theorem 1.1), there
exist an open neighborhood & C R4+ around 0 and a diffeomorphism ¢y : & — U such that

(ps 1,V = e; which means that the push-forward of V by o s the constant vector field e; on
U. Define

Us(q,p) := (p2(q), [de3 ' (q))"p), H :=Ho ¥,

Then, we have 8,H (q,0) = e; for all ¢ € U which implies that 97,H(q,0) identically vanishes on
U. O

Proof of (3). Assume that we have performed ¥ o Wy. Recall from proof of (2) that an open
neighborhood U C R¥*! around 0 exists such that V(q) := 8,H(q,0) = e; for all ¢ € U.

Set D(t) := 0% H(te1,0). Note that since H is convex, 9% H(te1,0) is positive-definite for all
t € R, soin partlcular D(t) is invertible for all ¢ € R. Define

©3(q) :== (1 + U(q1)-4,9),

where  : R — R? is given by
I(t) == (D)) 82 ;H(ter,0). (1.2.2)

Furthermore, define
U3(q,p) = (p3(a), [des ' (9)]Tp), H:=HoWs

Using the definition of 3 one can compute [dpz ' (¢)]” as follows

[1+1(q1).q] " 0
—[1+1(q)-q] " Uqn) Ta]”

Where we have denoted by I’ the derivative of I. From (1.2.3) and definition of U3 we get

Wy(ter,p) = (ter,p1,p — pil(t)). (1.2.4)

[de3 ' (g)]" = (1.2.3)

Equation (1.2.4) in above implies that

05(H o W3)(ter,p1,P) = OpH (ter, p1,p — pil(t)). (1.2.5)
We have
92 5H(te1,0) = 0 ;(H o Ws3)(te1,0)
= 05 ;H(te1,0) — 9% H(tey,0)I(t) (1.2.6)
= 02 sH(te1,0) — D(t)[D(t)] 19} ;H(te1,0) = 0. (1.2.7)

So H satisfies (3). Note that we have obtained (1.2.6) after differentiating the right side of (1.2.5)
with respect to p; at p = 0. Equation (1.2.7) is the result of replacing D(t) with 82 H{(te1,0),
and [(t) with its equivalent in (1.2.2).
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Although H satisfies (3), once we performed W3 we have lost assertion (4): Note that

V(q) := 0,H (q,0) = d3 " (¢)V(q)
L+l 0],
—[1+1(q1)-4] ) Ia) "

= (1+V(q1).q)7".0),

s0 03V (ter) = 62 H (te1,0) is equal to —I'(t) which does not necessarily vanish.
We regain (4) usmg a conformal reparametrization. Define

1
Vi)
For ¢t € [—7, 7], the Hamiltonian H defined above admits (te1,0) as its 0-energy orbit. Moreover,

V(q) := 0,H(q,0) is a unit vector field on U, so H satisfies (4).
Since f(te1) =1 for all t € [—7, 7], we can easily verify that H preserves assertion (3). O

H(q,p) := f(q)(H(q,p) — k). (1.2.8)

Later in this chapter, in the proof of Proposition 1.2.8, we will see that it is impossible to
regain (4) in the above proof using a further fibered symplectomorphism.

Proof of (5). Consider ¥y o Uy o U3 as the local coordinates around 0. Based on proof of (3),
the fiberwise Hessian of H has the following block form

apzﬂ(tel,()):[dlb(t) D‘zt)], te =77, (1.2.9)

where we have set d;,(t) := 82 H(tey,0), and D(t) := 92, H(te1,0).
Because H is convex, all matrlces in the set {D(¢) |t € [ 7,7]} are positive-definite. Therefore,
there exists a smooth curve M(¢q;) : R — GL(d) such that

D(t)= M(t)M*(t), te[-T,7]. (1.2.10)

Define
0a(q) == (q1, M(q1)d), Palq,p) == (pa(q),[des ' (9)]"p), H:=HoWVy.

Denote by M the derivative of M. We have

1 o 1 . 0
dey (q) = {_M—l(ql)M(ql)(} M‘l(ql)]’

SO

@ = [}~ @)@l

In particular,

We claim that
52 H(tel,O) =1. (1.2.11)
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To prove the claim (1.2.11), we write the Taylor expansion of H with respect to p-variables
around (tey,0), where t € [—7,7]:

H(tey,p) = H o Wy(ter,p) = H(tey, [d; ™ (te1)]"p)
7|1 0 dy(t) 0 1 0
=p1+p |:0 Ml(t):| l: 0 D(t):| |:0 [Ml(t)}T] p+ O3 (p)

=pi+p" [dlb(t) Iﬂ p+ Os(p). (1.2.12)

Equation (1.2.12) confirms what we have asserted earlier in equation (1.2.11).
In a neighborhood of ¢ = 0 we have

V(q) == 0,H(q,0) = dp; ' (9)0,H(q,0) = dp; " (q)er = (L, =M " (q1) M (q1)4).

Therefore, B .
035 H (ter,0) = M~ (t)M(t), te€[-7,7], (1.2.13)

which implies that 02, H(tey,0) does not necessarily vanish near ¢ = 0. That means assertion (4)
is lost again. In order to obtain (4), we apply the vertical symplectomorphism

Us(q,p) = (¢, +dg(a)),
where g : R™! — R is a smooth function that satisfies
dg(ter) =0, O%g(ter) = M~ '(t)M(t), te[-7,7]. (1.2.14)
A desired function g exists only if
M~Yt)M(t) € S(d) for all t e [—, 7], (1.2.15)

where §(d) denotes for the set of symmetric d X d real matrices. So we need to prove that a
factorization D = M(t)M™(t) exists such that (1.2.15) holds. This is proven in Lemma 1.2.5
below. We define H := H o U5, then we have

92.H (te1,0) = 92;H (te1,0) + 8§2H(t61, 0)8229(1&61)
=-M7'O)M@) +I(M(t)M(1)) (1.2.16)
=0.

So H satisfies (4). Note that in order to deduce (1.2.16), we used (1.2.14), (1.2.13) and (1.2.11).
Because vertical symplectomorphisms has no effect on fiberwise Hessian, we have

5§2H(t61, O) = 8§2H(t61, O) = I
Hence, H also satisfies (5). O

Lemma 1.2.5. A smooth curve M(t) : [-7,7] — GL(d) exists such that for all t € [~7,7],
we have D(t) = Mt)MT(t), and M~(t)M(t) € S(d). Where for t € [—7,7|, we have set
D(t) := 9% H(te1,0).

Proof. We will demonstrate that the desired curve M(t) : [—7,7] — GL(d) is the solution of the
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differential equation
. . l . _1 T
M) =5 (DO) MO (1.2.17)
M(0) = [D(0)]2
Suppose M is the solution of the above equation, then we have

M~ (t)M(t) = §M_1(t)Q(t)[M_1(t)]T. (1.2.18)
By definition, D(t) is symmetric for all ¢ € [—7, 7], so we conclude that

Mﬁl(t)Q(t)[Mfl(t)]T € 8(d), forall tel[—7,7]

. (1.2.19)
Therefore, based on (1.2.18) and (1.2.19), it is obvious that M ~'(t)M(t) is symmetric for all
te[-r,7].

It remains to prove that D(t) = M (t)M™ (). Since M~ (t)M(t) € S(d), we have

MY ()M(t) = M) (1)]T. (1.2.20)
Multiplying M (t) from the left and [M (£)]” from the right to (1.2.20) yields the following equation
MM = M@)M )" (1.2.21)
Based on (1.2.17) and (1.2.21)
D(t) = 2M (t)[M(1)]"
=M@ [MO)" +ME)[M@E)T, te[-T7]. (1.2.22)
Equation (1.2.22) and the initial condition M (0) = [D(0)]2 imply that D = M (t)MT(t).

t O
Here we aim to adjust the proofs of (1) to (5) with the notation that we have used in the
statement of Theorem 1.2.1. Define

\Ill ::\1130\1100\1110\112,

U2 :=T, 005, U:=0loU?
and

@' i=pooproprops, @' i=p40p;.
Moreover, define z(q) := f o v?(q), where

f(q): !

Oy (H o Wg 0Ty 0Ws)(q,0)

Based on the proofs of (1) to (5) in above, there exists § > 0 such that for all ¢ € [, 4],
(Q(t), P(t)) :== ¥~'(0) and the Hamiltonian H defined as follows

H(q,p) = [f(@)((HoU")(q,p) — k)] 0 ¥ =

(fo®)(q)((H oW 0 ¥?) — k)

= 2(q)(H(g,p) 0 ¥ — k)
satisfy assertions (1) to (5) of the Theorem 1.2.1.
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1.2.2 The normal form claimed by Figalli and Rifford

Now we restate the Lemma C1 of [FR15] in Proposition 1.2.6 below. Proposition 1.2.8 that
follows in this section shows that Proposition 1.2.6 is false.

Proposition 1.2.6. Assume that H(q,p) : T*R*! — R is a smooth convex Hamiltonian and
0(t) = (Q(t), P(t)) is a given orbit of Hamiltonian vector field of H such that Q(0) # 0. There
exist a real number § > 0, and a homogeneous symplectomorphism ¥(q,p) : T*RI*T! — T*R4+1
such that for all t € [—0,d] we have

(1) Q) = teh er = (1,04)
(2) ()
(3) 0 plp (tel,O) =0
(4) 07, H(te1,0) =0
(5) (9%2 (te1,0) =1,
where H. HoW and (Q(t), P(t)) := U1 (4(¢)).

Remark 1.2.7. We have replaced

(2)" P(t) = e;.
in the original statement of Lemma C1 in [FR15] with (2) above. More explanation is given
below.

Let us first note the differences between the above proposition —which is equivalent to Lemma
C1 of [FR15]— and Theorem 1.2.1. Besides homogeneous symplectomorphisms, the statement
of the alternative normal form allows us to use vertical symplectomorphisms, in addition, the
alternative normal form permits to reparametrize the Hamiltonian vector field with a function
that only depends on g-variable. At the other hand, in Proposition 1.2.6, our only tool to main-
tain the assertions is homogeneous symplectic changes of coordinates.
A homogeneous symplectomorphism preserves the zero section, so in general, both (2) and (2)’
are not obtainable by an admissible homogeneous symplectic change of coordinates. Further-
more, given a regular orbit 0(t) = (Q(t)7 B(t)), an admissible homogeneous symplectomorphism
preserves the first coordinates of P(t), namely P;(t). To see the reason of that, it is enough to
recall equation (1.2.1):

([det(ter)]"p)1 = p1, forallp € (R*)*.

So once P, (t) is given, it cannot be changed by an admissible homogeneous symplectic change
of coordinates.

Acquiring (2) or (2)" would be easy using vertical symplectomorphisms. See proof of (2) of The-
orem 1.2.1. Applying vertical symplectomorphisms is also necessary for assertions (4) and (5) to
hold simultaneously. Look at the proof of assertion (5) of Theorem 1.2.1.

As we will see in the next subsection, having (2)’ instead of (2) in similar normal forms is conve-
nient whenever we are working with homogeneous Hamiltonians; Otherwise, we prefer to work
with normal forms that are satisfying (2) instead of (2)’. As we already explained, associated to
our methods, there is not much of a difference between proving (2) or (2)’.

Above all, the major issue of Proposition 1.2.6 is that whenever the map t — 8§p1 (teq,0) is
not identically equal to zero it cannot be converted to the null function via fibered symplecto-
morphisms that are preserving (1),(2) and (3). We state this more precisely in the following
Proposition.
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Proposition 1.2.8. Let H(q,p) : T*R¥*! — R be a given smooth conver Hamiltonian. Assume
that for some § > 0, 8(t) = (te1,0) where t € [—=0,0], is an orbit segment of the Hamiltonian
vector field of H. Suppose that we have

02 -H(tey,0) =0, forall te&[-,0]. (1.2.23)

p1H1E
Furthermore, assume that agpl H(0) # 0. Then there is not exists an admissible fibered symplectic
change of coordinates Q(q,p) : T*R4TT — T*R4*TL O~(tey,0) = (te1,0), such that H := H o Q
preserves equation (1.2.23) (i.e. 92 ;H(te1,0) = 0 for allt € [~6,4]), and satisfies 95, H(0) = 0.
Proof of Proposition 1.2.8

First, we show that the value of 8§plﬂ (0) is invariant under any vertical symplectic change
of coordinates of the form that follows

Qg,p) = (¢:p +dg(q)), dg(ter) = 0. (1.2.24)

Note that condition dg(te;) = 0 is necessary for Q to satisfy Q7 !(te1,0) = (te,0). Since we have
Opy (H © Q) (q,p) = Oy, H (g, p + dg(q)),

then for all ¢ € [—4, 0], we can write
02, (H o Q)(te1,0) = 92, H(ter,0) Z 2 o H(te1,0)0%, g(ter). (1.2.25)

Recall from the assumptions of the Proposition 1.2.8 that 8gp1ﬂ(t61, 0) = 0, so we can rewrite
equation (1.2.25) as

93,, (H 0 Q)(te1,0) = 93, H(te1,0) + 0% H(ter,0)3,, g(ter). (1.2.26)

qp1

Because 9;g(te1) = 0 for all t € [—4, d], we obtain
92 49(ter) =0, te[-4,0]. (1.2.27)
After inserting (1.2.27) into (1.2.26) we get

02, (HoQ)(tey,0) = 97, H(te1,0), te€ [-6,6]

qp1 qp1=—=

We just proved that, for all ¢ € [—§, 4], the value of 82 H(teq,0) is invariant under vertical
symplectic change of coordinates of the form (1.2.24). So in particular, if the value of Q?pl H(0)
is non-zero it cannot be changed by vertical symplectomorphisms of the form (1.2.24).

To complete the proof of Proposition 1.2.8, we also need to show that 5‘3171 H(0) does not vanish
after performing any admissible homogeneous symplectic change of coordinates that preserves
(1.2.23). To do so, first we need to prove the following lemma.

Lemma 1.2.9. Consider an admissible homogeneous symplectomorphism

Qg p) = (¢(q), [de " ()] p)
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that preserves (1.2.23). Then dp(ter) has the following block form

1 0
d(p(tel) = |: 04 *d:| )

for all t € [—6,0], where 0§ is the same constant as in Proposition 1.2.8
Proof. Since 2 is admissible, by (1.2.1) we have

[de(ter)ler = er, ([de~'(ter)]"p), =p1 forall pe (RT)"

Therefore, [dp~!(te;)]T must have the triangular block form
-1 r |1 04
a7 e = | i) (1.2.28)
for some b(t) : [-4,] — RY, and B(t) : [-6,8) — GL(d). Note that

1 —7(1)[B t)]T} . (1.2.29)

d@(tﬂ) = {0 [B_l(t) T
If we set H := H 0 Q, D(t) := 05, H(te1,0), and dy,(t) := 92 H(te1,0), then we can write
1

812)2H(t61, 0) = 612,2 (H o Q)(ter,0) = [dap_l(tel)]af,zﬂ(tel, 0)[de~ (ter))”

=1o o] 1% o) bty 0]

_ * [b(t)]" D(t)B(t)
[[B(t)]TD(t)b(t) B D(t) ] - (1230
By assumption, €2 preserves (1.2.23), so (1.2.30) implies that
()T D(t)B(t) = 0= b(t) = 0. (1.2.31)

In the above equation, note that D(t) is invertible because H is convex; Moreover, after recalling
equation (1.2.28) and the fact that ¢ is a diffeomorphism, we see that B(t) is invertible as well.
Finally, from (1.2.31) and (1.2.28) we conclude that

1 r (1 0 |1 0
[de™"(te1)]” = [O B(t)} = dp(ter) = [ 0 [Bl(t)]T] . (1.2.32)
O
We continue the proof of Proposition 1.2.8. Assume that Q@ = (¢(q), [de~'(¢)]"p) is an

admissible homogeneous symplectomorphism that preserves (1.2.23). Set V(¢) := 9,H(q,0),
and let V' be the push-forward of V by Q. We have

Vi(e(q)) = de(q)V (q). (1.2.33)

Let a(q) be the first coordinate of ¢(q). Moreover, denote by Vi and V; the first coordinates of
V and V respectively. From equation (1.2.33), we have

Vi(e(q) = 84a(q)V (q).
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Therefore, if we set 93p0(te1) =: Z(t) we can write the following
93V, (te1) Z(t) = 03 a(ter)V (ter) + dqalte1)dyV (ter). (1.2.34)

Note that for all ¢ € [—d, §], we have
V(tel) = €1. (1235)

Besides, because of Lemma 1.2.9, we know that de must have a block form similar to (1.2.32)
which gives 9 a(te1) = e1, and in particular dza(ter) = 0, for all ¢ € [—4,d]. So we have

a(ter) = tim 22U Eer) Zdqalter) oy o5 5 (1.2.36)

e—0 €

62

q14

Based on equations (1.2.34), (1.2.35), and (1.2.36) we can write

05V (te1)Z(t) = 8§qa(tel)el +€10;V (ter) = 92, a(ter) + 0;Vi(ter)

4991

= 0,Vi(tey). (1.2.37)

Because Z(t) is invertible by its definition, from equation (1.2.37) we conclude that if 95V, (0) =
02 H(0) # 0 then 9;V1(0) = 8§p1H(0) # 0. That means whenever the value of agplﬂ(O) is

qp1—
non-zero it will not vanish after an admissible homogeneous symplectic change of coordinates.

1.3 Normal form for homogeneous Hamiltonians

We prove a normal form for homogeneous Hamiltonians. See Theorem 1.4.1 below. Then, we
show that Theorem 1.4.1 implies the Li-Nirenberg’s normal form which we represent as Corollary
1.3.2. Our purpose in this section is to remove the confusion that exists in the literature between
Li-Nirenberg’s normal form and a similar normal form for convex Hamiltonians.

Theorem 1.3.1 (Normal form for homogeneous Hamiltonians). Assume that H : T*R+! — R+
is a positively [-homogeneous Hamiltonian where § > 1. Suppose that H is convexr and smooth

onp#0. Let 0(t) = (Q(t), P(t)) be a given orbit of Hamiltonian vector field of H such that
Q(O) # 0 and E(Q(t)) = k. There exist 6 > 0, and a smooth homogeneous symplectomorphism
U(g,p) : T*"M — T*M such that for H := H o ¥ and (Q(t),P(t)) = ‘I"l(Q(t),B(t)) the
following assertions are true for all t € [—0, 9]

(1) Q) =ter, e1=(1,0q)

(2) P(t) = (B, 04)

(3) 03 ;H(te1, Bk,04) =0

(4) 02,H(te1, Bk, 04) = 0.
Proof of (1). This proof is the same as proof of (1) of Theorem 1.2.1.
Since we have Q(0) # 0, the mapping ¢ — Q(t) is an embedding near ¢ = 0. So there exist 7 > 0,
and a diffeomorphism ¢g : R¥ — R such that ¢o(Q(t)) = te; where ¢t € [—7,7]. So to
have (1), it is enough to apply the homogeneous symplectic change of coordinates ¥y defined as
follows

Wo(q,p) == (po(q), [de " (a)] ).
0

In the proofs of (2) to (5), we assume that for all ¢ € [—7, 7] the given orbit §(¢) satisfies
o(t) = (tel, B(t)). Furthermore, in order to preserve (1), we only use admissible homogeneous
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symplectic changes of coordinates. See Definition 1.2.3 to recall what we mean by an admissible
homogeneous symplectomorphism.

Note that for a given n € [—7, 7], P(n) does not vanish. Otherwise, by homogeneity of H
we have H (nel, B(n)) = 0 which contradicts with the assumption that H admits only positive
values. Let P(t) denote the first component of P(t), then for all ¢ € [—7, 7] we have

Py(t) = P(t).ex
= P(t).0,H (te1, P(t))

= BH (te1, P(t)) (1.3.1)
= pk. (1.3.2)

where we have conclude (1.3.1) by Euler’s theorem for homogeneous functions (Theorem 1.1.5).
Because § is assumed to be greater or equal than 1 and k is nonzero, equation (1.3.2) implies
that P, (t) does not vanish for all ¢t € [—7,7].

Proof of (2) and (3) . We define
p1(0) == (@ + Uar)-d:4),  Vi(a,p) = (p1(9), [de7 ()] p),

for I(q;) : R — R? that is given by

I(t) == , tel-7,7].

Where we have used the notation P = (Bl , E) € R xR?. Right above this proof we have reasoned
that why P, (t) # 0 for all ¢t € [—7,7].

By definition of o1, we have [dp] ' (q1,0)]T = { 1

“l(q) (}ﬂ which implies that

V1(q1,04,p1,P) = (91,04, p1,0 — p1l(q1))-
Therefore, because P(t) — P, (t)l(t) = 0, we have
Wy (ter, P(1)) = (ter, Py(1).00), 1€ [-r.1]. (1.3.3)
Equation (1.3.2) gives P, (t) = Sk for all t € [—7,7]. Hence, we can rewrite (1.3.3) as
U,y (ter, P(t)) = (tes, Bk,04), te€[—7,7],

and that finishes the proof of (2).

In order to obtain (3), there is no need for a further symplectic change of coordinates. We
will show that H := H oW, automatically satisfies (3). Euler’s theorem implies that the mapping
p — OpH (teq,p) is positively (5 — 1)-homogeneous. Therefore, for all ¢t € [—7, 7] we have

3,;H(tel,£1 + €, Od) — 8@H(t61,£1, Od)

€
= lim (Py +€)°10sH (ter, e1) — Py '9pH (ter, e1)
- e—0 €
i (@it - P QW)

e—0 €

azz;lﬁH(telagla Od) = lgr(l)

=0.




1.3. Normal form for homogeneous Hamiltonians 21

In above, Q denotes for the second component in the decomposition QQ = (Ql,Q) € R x R4
Note that Q(t) = te; where t € [—7, 7], so %Q(t) =0forallt € [—7, 7] O
Proof of (4). Suppose ¥ is already performed. Consider the vector field V(q) := 0,H(q, Bk, 04).
Because V(0) = Q( ) # 0, by tubular flow theorem there exists an open set U C Rd“ and a

diffeomorphism ¢y : U — U such that V := (p2).V is the unit vector field e; on U. Therefore,
after defining

Us(q,p) == (2(q), [do3 ' (9)]"p), H:=HoW,,

we have

OpH(q,Bk,04) =€, forall geld. (1.3.4)
Differentiating (1.3.4) with respect to ¢ finishes the proof. O
The particular case of § = 2 of Theorem 1.3.1 implies the Li-Nirenberg normal form.

Corollary 1.3.2 (Li-Nirenberg normal form). Assume that (Q(t), Q(t)) is a geodesic of a given

Finsler metric L(q,v) : TR — R*. That means (Q(t),g(t)) solves the Euler-Lagrange equa-
tion

d . i
SOL(Q(1), Q1) = 9,L(Q(1), Q1)). (1.3.5)
There exists 6 > 0, and a non-singular changes of coordinates
2(q,v) : TR* — TR
q,v) — (gp(q), dap(q)v), @ R 5 R s o diffeomorphism,

—

such that for L defined as L := LoZ and (Q(t), Q(t)) =271 (Q(t),g(t)) the following assertions
are true for all t € [—0, 0]
) Q) =ter, Q) =ex
b) O0,L(te1,e1) =0
c) 8yL(ter,e1) = (c,04), for some constant c € RT
) 02 ;L(ter,e1) =0

’U1’U

( ) E)qu(tel,el) =0.

(a
(
(
(d

The Euler-Lagrange equations for L and LQ are the same, so L and L2 share the same

geodesics. Furthermore, Lemma 1.1.8 implies that the dual Hamiltonian of L? is 2-homogeneous.
In this way, we can apply the case § = 2 of Theorem 1.3.1 to conclude the above corollary.

Proof. Assume that H is the dual Hamiltonian with respect to L?, and (Q(t), P(t)) is the orbit in
the phase space corresponded to (Q(t), Q(t)) By Theorem 1.3.1, there exists a real number § > 0

and a homogeneous symplectomorphism ¥(q,p) = (cp(q), [dgo*l(q)]Tp) such that @(Q(t)) = tey
for all t € [—6,6], and [dp~L(te1)]T P(t) = (¢, 04) =: P(t) for some constant ¢ € RT. So if we
define
L*:=L*0Z, E(q,v) = (¢(9),dp(q)v).
We have
O, L? (te1,e1) = P(t) = (¢, 0q).

Since 9,L? = 2L, L and L admits only positive values we proved part (c) of the corollary. From
equation (1.3.5) and (c¢) we immediately conclude part (b).
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Part (d) would be a consequence of (¢) and homogeneity of L. By Euler’s theorem for homoge-
neous functions (also look at the Remark 1.1.6), since L(g,v) is positively 1-homogeneous, the
mapping v — 9;L(q, v) is positively homogeneous of degree zero, so we have

aﬁL(tela 1+ €, Od) — 817L(t617 1a Od)

97 s L(te1,e1) = llm

—0

€
— lim 8@L(tel, 1, Od) — ﬁﬁL(tel, 1, Od)

e—0 €

=0.

It remains to prove (e). Define H := H o U, then because 9,L?(q,v) = d,H (q,p) we are able to
obtain the following
aﬂ?}qu((bv) = aqu(Q7p)agzL2(Q7v) (136)

By definition of a Finsler metric, L? is convex. So in particular, (“)32 L?(q,v) is invertible for all
(q,v) € TR, Hence, from equation (1.3.6) and part (4) of Theorem 1.3.1 we conclude that

83qL2(tel,el) =0 forall te][-4,4]. (1.3.7)

Note that L admits only positive values; Moreover, we have 92,L? = 20,Ld,L + 2L93,L, and
9qL(te1, e1) = 0 for all t € [=6, ]. Therefore, equation (1.3.7) implies that 82, L(te1,e1) = 0 for
all ¢ € [—4,0). O

1.4 Normal form for non-convex Hamiltonians

Our motivation to prove the normal form given in Theorem 1.4.1 below lies in the purpose
of generalizing the perturbation theorem (Theorem D) for non-convex Hamiltonians. We will
use Theorem 1.4.1 in Section 2.2.1 during the proof of Theorem 3. Besides, Theorem 1.4.1 has
direct applications in the proof of Theorem 4. See the proof of Lemma 3.2.3 in Section 3.2.1 for
example.

Theorem 1.4.1 (Normal form for non-convex Hamiltonians). Suppose H(q,p) : T*R1 — R
is a smooth Hamiltonian. Consider 0(t) = (Q(t), P(t)) as an orbit of Hamiltonian vector field
of H such that H(8) = k. Moreover, assume that 8(0) ¢ I'y. There exist § > 0, a smooth fibered
symplectic diffeomorphism ¥ : T*R4ML — T*RI*Land a smooth function z(q) : R4t — R such
that (Q(t), P(t)) :== ¥~1(0) is an orbit of Hamiltonian vector field of H := z(q)(H o ¥ — k), and
for all t € [=4, 6] we have

(1) Q(t) = tex,

(2) P(t)=0

(3) 312]113]‘[(7561, 0) =0,
(4) 92,H (te1,0) =0,
(5) 92,H{(te1,0) = D,

where D is a constant diagonal matriz with only 1 and -1 entries.

Remark 1.4.2. Assertions (1) and (2) yield
(6) 0% H(te1,0) =0, te][-9,0].

q19

Proofs of (1),(2) and (4) are the same as the proofs of similar assertions in Theorem 1.2.1.
However, to avoid ambiguities, in the proof of Theorem 1.4.1 we do not refer to the proof of
Theorem 1.2.1.



1.4. Normal form for non-convex Hamiltonians 23

Note that Theorem 1.4.1 is in fact a generalization of the alternative normal form. To see the
reason, it is enough to compare the statements of the two normal forms and recall that a convex
Hamiltonian H is iso-energetically non-degenerate at 0(to) if 8(¢o) is a neat point, where 6(¢) is
assumed to be an orbit of Hamiltonian vector field of H.

Proof of (1). The assumption §(0) ¢ I'y implies that 9,H (6(0)) = Q(O) # 0. Therefore, since
the mapping ¢t — Q(t) is an embedding near ¢t = 0, there exists 7 > 0, and a diffeomorphism
@o(q) : R¥ — R such that ¢ (Q(t)) = te; for all t € [—7,7]. Consider the homogeneous
symplectomorphism as follows B

Vo(g,p) = (0(). [diwy " (0)] D).
The Hamiltonian H defined as H := H o ¥ satisfies (1). O
In proofs of (2) to (5), assume that 6(t) is given as (ter, P(t)), where t € [—7,7].

Proof of (2). Define u : R4 — R as u(qy, §) := v(q1) + P(q1).G where v(t) : R — R is a C*
function such that v' = P;. Consider the vertical symplectic change of coordinates

U1(q,p) = (g.p + du(q)).

Because du(ter) = P(t), we have U (ter, P(t)) = (te1,0). That means H := H o U; satisfies
2). 0

Note that we are able to prove assertions (1) and (2) using the assumption 9,H (6(0)) # 0.
Assuming that 8,H (6(0)) does not vanish is weaker in compare with the assumption 6(0) ¢ I'y,
and we have assumed the latter in the statement of Theorem 1.4.1. In Section 3.2.2, the proof of
Lemma 3.2.4, we apply assertions (1) and (2) of the normal form around a point with non-zero
velocity at which a non-convex Hamiltonian is not necessarily fiberwise iso-energetically non-
degenerate. At the other hand, the weaker assumption 0,H (Q(O)) # 0 is not enough to prove
assertions (3) and (5); That would be obvious once we give a proof for (3) and (5).

Proof of (4). Assume that ¥y which we introduced in the proof of (2) is the local coordinates
around 6(0). Define the vector field

V(q) := 0pH(q,0).

Because Q(O) is non-zero, by tubular flow theorem there exist an open neighborhood ¥ C R4+!

around ¢ = 0, and a diffeomorphism y(q) : U — U such that (¢;'),V is the constant vector
field ey for all ¢ € U. Define

Us(q,p) := (p2(q), [y ' (@)]"p), H:=Ho ¥,

Then we have
0pH(q,0) =e1, forall geU. (1.4.1)

Differentiating (1.4.1) with respect to ¢ implies (4). O
Proof of (3). Take Wy 0 Uy as the local coordinates around 6(0). Set

D(t) := 0% H(te1,0), te|[—, 1] (1.4.2)

P2
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After recalling the definition of I'y in equation (2), because §(0) ¢ I'y and 9,H (0(0)) = eq, it
would be easy to verify that D(0) is invertible. In consequence, we are able to choose 71 € (0, 7)
such that D(t) € GL(d) for all t € [Ty, 71]. Define

03(0) = (@ +Ua1)-3.9),  Vala.p) = (¢3(a), [de3 ' (a)]"p), H:=HoWVs,
where I(q;) : R — R? is given as follows
l(t) = [Q(t)]ilazlﬁﬂ(tehox te [_TlaTl]'

Afterwards, we have

-1 _ [+ a)q) ! 0
s el = | vg). e 1)
which yields
Wy(ter,0) = (ter,p1,p — prl(t)). (1.4.3)

From (1.4.3) we conclude that 9;(H o W3)(te1, p1,p) = OpH (te1,p1,p — p1l(t)). Therefore,

Gglﬁﬁ(tel, 0) = 3glﬁ(ﬂo qu)(tel,O)
= 0; ;H(te1,0) + 0% H(tey,0)I(t)

p1p==
= 02 ;H(te1,0) — D(t)[D(t)]'02 ;H (te1,0) = 0.

So H satisfies (3). However, H does not necessarily satisfy (4): Note that in a neighborhood of
q = 0 we have

V(g) = 8,H(q,0) = dp3 " (9)9,H(q,0) = d3 " (q)er = ([L +U'(q1)-4] ", 0),

and there is no obligation for 9;V(te;) = 83, H(te1,0) = —I'(t) to vanish. Where as before, V,
denotes for the first component of the vector V.

To achieve (4), we translate H by —k, and then we conformally reparametrize H — k with

the function f(q) := \711(q)' If we define

H(q,p) := f(q)(H(q,p) — k),

then the Hamiltonian vector field of H takes (te;,0), where ¢t € [—71,71], as its orbit segment;
Moreover, H satisfies both (3) and (4). O

Proof of (5). Let U3 0 Wy o0 Wy be the local coordinates around ¢(0). Suppose that there exists
an open neighborhood ¢ C R4*! around ¢ = 0 such that 9,H(q,0) = e; for all ¢ € U. Set
dy1(t) := 9,2 H(te1,0), and D(t) := 02, H(tes,0).

Based on proof of (3), we can find 7; > 0 such that {te, |t € [-71,7]} CU, and D(t) € GL(d)
for all t € [—7m1,71]. So 72 € (0,71) exists such that all matrices in the set {D(t) | t € [—72, 2]}
are having the same signature. Hence, a diagonal constant matrix D with only +1 entries, and
a smooth curve M (t) : [—72, T2] = GL(d) exist so that

D(t) = M(t)DM7 (t). (1.4.4)

Define
04(q) = (q1. M(q1)d), Palq,p) = (va(a), [de; " ()] D),
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then for the Hamiltonian H defined as H := H o ¥, we claim the following
92, H (te1,0) = D. (1.4.5)

To prove (1.4.5), we write the Taylor expansion of H with respect to p-variables around (te;,0),
where t € [—T2, To]:

H(te1,p) = H o Uy(ter,p) = H(ter, [dpy " (ter)]" p)
= p1 + pldpy  (te1)0p2 H(ter, 0)[dpy ' (ter)]"p + O3(p)

=p1+p" [10 Mol(t)} {dl})(t) D?t)} [10 [M(l)(t)]T]p‘i‘OS(p)

=pr+p’ [dlb@ LO)] p+ O3(p). (1.4.6)

Equation (1.4.6) implies what we have claimed earlier in (1.4.5).
Although H satisfies (3), we will observe that (4) is not valid for H: First, note that

1 0 —1(,\ _ 1 0
des(q) = [M(ql)(i M(fh)} = dpy(a) = [—MlM(‘h)q Ml(‘ll)] .
Therefore,

OpH (q,0,) = doy ' (@)9,H(q,0,) = dey ' (q)e
= (1, -M"Yq)M(q1)q), qeU. (1.4.7)

From (1.4.7) we conclude that
035H (te1,0) = =M~ ()M (1), ¢ € [-72, 7). (1.4.8)

Note that M~ (t)M(t) might not vanish identically on (te;,0) where t € [~7y, 75]. Assertion (4)
would be retained by the vertical symplectomorphism

Us(q,p) = (a.p+dg(q)),
where ¢ : R¥! — R satisfies
8229(1&21) =DM~ Y(#)M(t), dg(te;) =0, forall te[—7, 7] (1.4.9)
After defining H := H o ¥5, we have
02,H (tey,0) = 03,H (te1,0) + 05 H(te1,0)0%g(tey)
= —M7Yt)M(t) + D*M~(t)M(t) = 0. (1.4.10)

In above, note that D? = I; Moreover, to achieve (1.4.10) we have replaced 0§2H(t6170),
92,H (te1,0), and 8229@61) with their equivalences in equations (1.4.5), (1.4.8), and (1.4.9) re-
spectively.

We skipped to mention that a desirable function g exists only if

DM~ (t)M(t) € 8(d), for all te [—7y, 7). (1.4.11)
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The following lemma justifies the existence of a smooth curve M(q;) : R — GL(d) that satisfies
both of the conditions that we have seen in (1.4.4) and (1.4.11). O

Lemma 1.4.3. A smooth curve M : R — GL(d) exists such that for all t € [—T2,T2] we have
D(t) = Mt)DMT(t), and DM~ (t)M(t) € S(d).
Proof. Let M(t) be the solution of

M(t) = 3 (D(6)[M (6] D) )
{M(O):Mo , te -T2, (1.4.12)

where My satisfies D(0) = MoDM{'. From equation (1.4.12) We have

DM (B)MI(t) = L DM~ (4 D)(M )7 D,

and the right hand side of the above equation is symmetric for all ¢t € [—73, T2).
It remains to prove that the solution of (1.4.12) satisfies the condition (1.4.11). Equation (1.4.12)
immediately implies that

D(t) = 2M (t)DMT (¢). (1.4.13)

Because DM 1M is symmetric, we have
DM M =MT(M YD = MM =DM (M~HTD
= M 'MD=DM"(M~H)T
= MDMT = MDMT”. (1.4.14)
From (1.4.14) and (1.4.13), we conclude that D(t) = MDM?T + MDM?. Therefore,
D(t) = M(t)DM*(t) + C
for some constant matrix C. Since D(0) = M (0)DM7(0), the matrix C is null. O

Proof of (6). (1) and (2) imply that 0,H (te1,0,,) = P(t) = 0, for all ¢ € [—6,d]. Therefore,

8§1qH(t61,0) =0. O]
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Our goal in this chapter is to prove Theorem 3 using the normal form for non-convex Hamil-
tonians given in Theorem 1.4.1. Theorem 3 has a crucial importance in the proof of the bumpy
metric theorem that we will give in Chapter 3. See the proof of Proposition 3.2.1 where we apply

Theorem 3.

If we review the statements of Theorem 3 and Theorem D, we observe that Theorem 3 is implying
the other theorem in which convexity is assumed. That is because a convex Hamiltonian is iso-
energetically non-degenerate at neat points. Notice the assumption "6(t) admits a neat time ¢
such that 6(to) ¢ I'y" in the statement of Theorem 3. In the framework of convex Hamiltonians

the mentioned assumption is equivalent to "6(t) admits a neat time".

Our proof of Theorem 3 benefits from similar geometric control methods as invoked by Rifford
and Ruggiero [RR12]. We begin this chapter with a review of some background about control

theory on symplectic linear maps.

27
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2.1 Background in geometric control theory

We wish to study the control problem
. k
Xu(t) =Y () Xu(t) + Y wi(t)Bi(t) Xyu(t), for ae. t €[0,7], X,(0) =X € Sp(2d). (2.1.1)
i=1

Where in above, Sp(2d) is the set of symplectic matrices of dimension 2d x 2d. Moreover, Y (t)
and B;(t), where i € {1,2,...,k}, are belonging to the Lie algebra of Sp(2d). By definition, the
Lie algebra of Sp(2d) is T Sp(2d) i.e. the tangent space to Sp(2d) at identity. The Lie algebra
of Sp(2d) is the set of matrices M € M(2d) such that JM is symmetric, where M (2d) denotes
for the set of all real matrices of dimension 2d x 2d. Recall that J = {_OI é] .

The Lie algebra of Sp(2d) is identical to a space known as the Hamiltonian matrices which we
denote by sp(2d).

The control problem (2.1.1) is invariant under Sp(2d). That is to say for an initial state X €
Sp(2d), the solution of (2.1.1) is a curve that remains in Sp(2d).

For a given w € L'([0,7];R¥), and an initial state X,,(0) = X, the control problem (2.1.1)
admits a unique maximal solution

Xoy(t) : Ix,, €10,7] — Sp(2d).

In above, Iy ,, which depends on both w and X, is the domain of definition of the maximal
solution X,,(t). As a convention, whenever we write X (¢) without an index we refer to the
solution of the homogeneous system associated to (2.1.1) i.e.

Xt)=Y@®)X(t), X(0)=X. (2.1.2)

The aim of this section is to provide sufficient conditions for local controllability of X, (7). We
soon will give a precise meaning to the notion of local controllability.

Define Cx as the set of controls w € L*([0,7]; R*) such that I, = [0,7]. By definition,
Cgx C Ll([O,T];Rk) is open. Consider the end-point mapping fx(w) : Cx — Sp(2d) defined as
fx(w) == X(7). Whenever dfg(w)(v) is surjective i.e. dfg(w)(L'([0,7];R*)) = Tx, ()Sp(2d),
we say fx is controllable of first order at w. We intend to convey the same meaning when we
say fx is locally controllable at w.

Note that for any given w € Cx, differential of the end-point mapping at w is the linear operator

df g (w)(v) :L' ([0, 7]; R*) = T'x, (-)Sp(2d)
v = Gy(7),

where G, (t) is the solution of the following Cauchy problem

Y (O)Go(t) + X5y vi(t) Bi(t) Xo (1) for ace. t € [0,7], (2.1.3)

——
Q@
e <
—~~
=S =
Tl
o

Concerned to the problem (2.1.1), the following Lemma which has been proven in Section
2 of [RR12], and Section 2.5 of [Laz14], provides sufficient conditions for local controllability of
the end-point mapping. The notation O7(x,r) in the lemma indicates the Euclidean open ball
of dimension v centered at x with radius r.
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Lemma 2.1.1 (Sufficient conditions for controllability of first order). Let fx(w): Cx — Sp(2d)
be the end-point mapping associated to the control problem (2.1.1) where X € Sp(2d) is given
such that 0 € Cx. Assume that Y (t), B;(t) € sp(2d) are smooth linear maps defined on [0,7] C R.
Moreover, for j € N, define {B{},...,{B}}:[0,7] = sp(2d) as

Bj(t) = Bi(t),
BIT(t) = [B] (1), Y(t)] + B,

where [.,.] is the Lie bracket on sp(2d). If there exists t € [0, 7] such that
span{BI(t)|i € {1,2...,k},j € N} = sp(2d), (2.1.4)

then
(a) we have df(0)(L'([0,7];R¥)) = Tx()Sp(2d) that means fg is locally controllable at
w = 0.
(b) there exists p,v >0, p := smooth controls w',w?,...wP : [0,7] — R* supported
on (0,7), and a smooth map W = (W1, Wa,...,W,): o’ (X(7), ) NSp(2d) — OP(0,v),
such that W (X (7)) =0 and

2d(2d+1)
2

fX<Zp: Wj(Z)wJ) =7, forall ZeOY(X(r),u) N Sp2d).
j=1

We wish to note a few remarks before running into the proof of Theorem 2.2.1.
First, we introduce the Frobenius inner product (A, B) := Tr(ATB) over M(2d). To given
matrices A, B € M(2d), the Frobenius inner product assigns the trace of AT B.

Consider the homogeneous differential equation associated to the Cauchy problem (2.1.3) as

follows
{Z(t) =Y (#)Z(t)

Z0) = 1. teo,7]. (2.1.5)

Note that if Z is the solution of (2.1.5), then £Z~1(t) = —Z~1(t)Y (1)

Equation (2.1.6) below is obtained based on the well known relation between solutions of a
non-homogeneous differential equation and its associated homogeneous equation. See Hartman
[Har82], Corollary 2.1 in Chapter IV.

k

df<(0)(v) = Z Z(T) /OT v (1) Z7 () By (1) X (t)dt, v e L*([0,7]; R¥). (2.1.6)

i=1

Proof of (a). Assume that the mapping v — df¢(0)(v) is not surjective. Then, after endowing
T'x (ySp(2d) with the Frobenius inner product, we are able to choose a non-zero matrix N in the
orthogonal complement of df 5 (0)(L*([0,7];R¥)) C Sp(2d). For such N, we have

(N,dfx(0)(v)) =0, forallve L([0, 7]; R¥), (2.1.7)

where <., > is the Frobenius inner product.
We replace df 5 (0)(v) in equation (2.1.7) with its equivalence from equation (2.1.6), then for all
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v = (v1,vy,...,0) € L*([0, 7], R¥), we have

k

> /OT v;()(N, Z(r)Z 1 (¢)B;(t) X (t))dt = 0.

i=1

Therefore, (N, Z(7)Z~(t)B;(t)X(t)) is identically equal to zero for all i € {1,2,...,k}. In
particular, we have

(N.Z(1)Z7'(®)B;(H)X(})) =0, forallie {1,2,...,k}. (2.1.8)

We wish to prove that (N, Z(7)Z~!(t )BJ( )X (t)) identically vanishes for all i € {1,2,...,k} and
all j € R. Differentiating (N, Z(7)Z~!(t)B;(t)X (t)) = 0 with respect to ¢ yields the following

(N, —Z(1)Z7' )Y () B;() X (1)) + (N, Z(1) Z7 (1) B:(t) X (1))
+(N,Z(r)Z" (t)B;()Y X (¢)) = 0.

Hence, <N, ZI(TQZTI(U (B (t) + [Bi(t), Y (¢ )])X(t)> = <N, Z(T)Zil(t)B,?(t)X(t)> = 0. By induc-
tion, we conclude that

(N,Z(r)Z (t)BI(t)X(t)) =0, forall j €N, and all i € {1,2,...,k}. (2.1.9)
Assume that we have
ZM)Z Y T)NX () € sp(2d) for all t € [0, 7], (2.1.10)
then based on assumption (2.1.4), Z(t)Z~!(r)NX~1(f) belongs to
spcm{Bg(t_)ﬁ €{1,2...,k}, j €N}

Therefore, if (2.1.10) is true then (2.1.9) implies that (N, N) = 0 which contradicts with the
assumption that N is non-zero.
We finish the proof by showing that (2.1.10) holds. That is to say JZ(t)Z *(1)NX~1(t) is

symmetric. From equations (2.1.5) and (2.1.2) we conclude that Z(t) = X (¢)X ~*. So we have

IZOZ M NX ) =IXO)X ' Z7H (r)NX ()
=IXOX XX N r)NX (1)
=JIX)X M) NX (1), (2.1.11)

If we replace J in the right side of (2.1.11) with [X’l(t)]TXT(T)Q]IX(T)X*1(t), we have
JZWZ7 N () NX(t) = O (XT(1)IN) X1 (2). (2.1.12)

Note that X ~1(t) € Sp(2d) for all t € [0, 7], and Sp(2d) forms a group. That is why X (7)X ~1(¢)
is symplectic and we have [ X 1 (t)]T XT (1) JX (1) X ~1(t) =

Recall that N € T'x (- Sp(2d), and T'x ()Sp(2d) = {X ()M \ M € sp(2d)}. Therefore, there exist
M € sp(2d) such that X ~1(7)N = M. So we conclude that

IX V()N € 8(2d).

Because X ~1(7) € Sp(2d), we have JX (1) = X7 (7)J. So XT(7)JN is symmetric as well as
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JX=Y(7)N. Since XT(7)JN € S(2d), the right side of (2.1.12) is symmetric. O

Proof of (b). Since {w € C>([0,7];R*) | supp(w) C (0,7)}  L'([0,7];R*) is dense, based on
part (a) there exists p smooth controls

wj'[OVT]%R7 Supp(’w])C(O,T), 36{1727"'7p}7

such that ‘

span{df (0)(w?) | j =1,...,p} = Tx(r)Sp(2d).
Choose v > 0 such that Y77, Nwl € Cg, for all A = (A, A2,...,),) € OP(0,7) and all
wl € C*([0, 7]; R¥). Define F : OP(0,v) — Sp(2d) as

F(A) = fx(é)‘jwj) A €0”(0,7).

F is smooth and F(0) = X (7). So by the inverse function theorem, there exists u,v > 0 and a
smooth mapping

W = (Wi, Wy, ... W,) : O* (X (r), ) N Sp(2d) — OP(0,v), W (X(r)) =0,

such that ,
fx <Z Wj(Z)wj) — 7, VZ e O (X(r), 1) N Sp(2d).
j=1

2.2 Proof of the perturbation theorem

As it stated in Theorem 3, consider H : T*R9*! — R as a smooth Hamiltonian. Let 6(t) be
a given periodic orbit of H such that it admits a neat time to, and 6(tg) ¢ I's.
Assume that X' is a transverse section to 8(¢) at tg. Without loss of generality we can assume that
to = 0, and 6(t) is in the zero energy level of H. Consider P, (6, %) : XN H~1(0) —» X N H~*(0)
as the restricted Poincaré map with respect to 6(¢) and the Hamiltonian vector field of H + u,
where u € C§°(R41). Recall Definition 2 which clarifies the notation Cg°(R4*1).
We have defined

F(0,H 4 u) : C3°(R¥™1) — Sp(2d)

as the mapping u — dP,. We wish to prove that F' is weakly open.

If (6,2 +u) : Cg°(R4T) — Sp(2d) is weakly open so is F(6, H +u) : Cg°(RH1) — Sp(2d)
where z(q) : R — R is a smooth non-zero function such that 6 is an orbit of the Hamiltonian
vector field of g That is because, concerned to 6, H and g are sharing the same Poincaré
maps. Besides, a symplectic change of coordinates does not affect P, (6, X). Hence, with no loss
of generality we can assume that H satisfies the assertions of Theorem 1.4.1. That is to say there
exists § > 0 such that

H(0) 3 0(t) = (te1,0), for all t € [5,0];
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Moreover, JO?, H(te1,0) has the following block form for all ¢ € [—§, ]

Y(t) := J0% H(te,,0) = [_Hg(t) Dét)] , (2.2.1)

where the block forms of K(¢) and D(t) are as follows

0 ... 0 du(t) ... 0
KO =| 1 K(t) |» K@= 9% H(te1,0), D(t) = D , dui(t) := 2 H(ter,0),
0 0

and D is a constant diagonal matrix with only +1 or —1 entries on its diagonal.

2.2.1 Linearized restricted transition map

For t € [0,¢], we define A; := {¢1 = t}. Concerned to the orbit segment (te;,0), where
t € |0,6], consider the one-parameter family of restricted transition maps

R': Agn H7H0) = Ay n H(0).

For a given t € [0,8], R! is defined in a neighborhood of 0 and the image of x € Ag N H~*(0)
under the map R! is where the Hamiltonian flow at the point = encounters the section A;.
Note that because of the properties of the normal form given in Theorem 1.4.1 we have dH (te1,0) =

[60} which implies the following
1
(dH (te1,0),x) = p1. (2.2.2)

Equation (2.2.2) in above implies that {p; = 0} is the tangent space to the zero energy level of
H along the orbit segment (te,0), where ¢ € [0, §]. Therefore, the differential of R* with respect
to x can be viewed as a map from {g; =0, p; = 0} to itself:

dR': {1 =0, p1 =0} = {¢1 =0, p; = 0}.

We consider R! : Ao N (H + u)~*(0) — Ay N (H + u)~1(0) as a one-parameter family of
restricted transition maps with respect to 6(¢) and the Hamiltonian vector field of H + u, where
u € Cg°(R¥*1Y). Equation (2.2.2) is invariant under adding an admissible potential to H. That is
to say if u € C§°(R4T1), then <d(H+u) (te1,0), x> = p1. Moreover, for each admissible potential
u, we have (H +u)(tey,0) = 0. So {p1 = 0} is the tangent space to (H +u)~1(0) along the orbit
segment (teq,0), where t € [0,4]. In conclusion, likewise dR?, the differential with respect to  of
the perturbed restricted transition map, namely dR!, is a map from {g; = 0, p; = 0} to itself:

dR!, : {qg1 =0, p1 =0} = {q1 =0, p1 = 0}.

We indicate the differentials at x = 0 of dR" and dR!, by L(t) and L, (t) respectively. Both L(t)
and L, (t) are valued in Sp(2d).
After recalling the definition of Y(¢) from equation (2.2.1), consider the differential equation

W(t)=Y)W(t), W(O)=1, telo,d]. (2.2.3)

which is known as the Jacobi equation (see [Conl0]). In the following computations, using the
definition of the Hamiltonian flow of H, we show that W (¢) is equal to the differential of the
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Hamiltonian flow at # = 0. That means W (t) = 9,.¢*(0).
8:9,0' (x) = 0,0,¢" (x) = 0, JdH (¢' () = 8;0,.¢" (0) = Y()8,.¢" (0).

In what follows, we are considering the linearized Hamiltonian system of H along (teq,0), where
t € [0, 4], and the initial point belongs to {¢1 =0, p; = 0}

@(t) = Y(t)z(t), x(0)=2"¢€ {g =0, py =0}. (2.2.4)

If W (t) solves the differential equation (2.2.3), then the mapping z° — W (¢)z° is the flow of the
system (2.2.4).

As it is usual in this thesis we use the notations = = (¢q,p), 1 = (q1,p1), and & = (§,p) for
symplectic coordinates where ¢ = (q1,4) € R x R? and p = (p1,p) € R* x (R?)*. Because of the
intrinsic properties of dR?, it is convenient to decompose coordinates as z = (z1,%) = (q1,p1, 1)
in the proof of Lemma 2.2.1 below. By writing = (q1,p1,%) we do not mean to change the
label of the dual symplectic coordinates (g, p), but we aim to study the impact of the restricted
transition maps on xj-coordinates and Z-coordinates separately.

In the statements of Lemma 2.2.1 and Corollary 2.2.2 below, we define Y (t) := J02, H (tey,0),
and Y, (t) := J0%,(H + u)(te1,0) where u € Cg°(R%*1). Note that since we are working in the
coordinates of Theorem 1.4.1, the block forms of Y (¢) and Y, (t) are as follows

Y= gy o] ¥0O=| Ly o

where
K(t) == 0%H(te1,0), K,(t):=K(t)+ dpulter),

and D is a diagonal matrix which has only +1 or —1 entries on its diagonal.

Lemma 2.2.1. Assume that a smooth Hamiltonian H : T*R¥*! — R takes (tey,0) € H~(0)
as an orbit segment where t € [0, 9] for some 6 > 0, and H satisfies the assertions (3) to (5) of
Theorem 1.4.1 on this orbit segment. Then, L(t) := dR'(0) solves the differential equation

L(t) = Y(t)L(1),

where Y (t) := J02,H (te1,0), and R : {¢1 = 0} N H~1(0) — {q1 = t} N H1(0) is the one-
parameter family of restricted transition maps associated to the segment (te1,0), t € [0, d].

Proof. The block form of Y(¢) allows us to rewrite the system (2.2.4) as two uncoupled systems
1(t) =dqi1(t t d
M {q.l( 2O ) L = vE, «0) =" € fn =0, p=0). (225

We let L(t) be the solution of the following differential equation
L(t) =Y (t)L(t), L(0) =1,

then we show that L(t) is equivalent to dR'(0).
The map 2° — L(¢)2° is the flow associated with system (2) in (2.2.5) above. At the other hand,
recall that for W (t) = 9,¢'(0), the map z° — W (¢)2? is the flow subjected to the system (2.2.4).
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Therefore, because systems (1) and (2) in (2.2.5) are uncoupled we can write

0 0
W@ lol=] 0
70 L(t)z°

We write the linear approximation of the Hamiltonian flow of H around 0 € T*R4+!

q t qQ
¢'(q1,p1,%) = ¢'(0) + W(t) |p1| + Oa2(z) = |0 +W(t) |p1| + Oa(2).
z 0 T
The restriction of the above approximation to {¢1 =0, p; =0} is
t 0 t 0
#'(0,0,2) = |0 +W(t) |0] +O02(2) = 0| + | 0 |+ O022). (2.2.6)
0 T 0 L(t)&

The right side of (2.2.6) is nothing but the linear approximation of Rt around 0. We conclude that
0:¢'(0) = dR'(0), but from (2.2.6), we have 9;¢*(0) = L(¢). In conclusion, L(t) = dR'(0). O

Corollary 2.2.2. Assume that H : T*R¥1 — R is smooth and for some § > 0, §(t) = (te1,0) €
H=1(0) where t € [0,4], is an orbit segment of the Hamiltonian vector field of H. Moreover,
suppose that H satisfies the assertions (3) to (5) of Theorem 1.4.1 on 0(t) for all t € [0,4].
For u € Cg°(RI*Y), suppose that R : {¢ = 0} N (H 4+ u)~1(0) = {q1 = t} N (H + u)~1(0)
is the one-parameter family of restricted transition maps with respect to the orbit segment 0(t),
t € [0,4], and the Hamiltonian vector field of H +u. Then L, (t) := dR!,(0) solves the differential
equation
Lu(t) = Yu(t)Lu<t)7

where Y, (t) := J02, (H + u)(teq,0).

To conclude Corollary 2.2.2 from Lemma 2.2.1, it is enough to show that if a smooth Hamil-
tonian H : T*R¥*1 — R takes 0(t) = (te1,0), where t € [0,6], as an orbit segment and it
satisfies the assertions of Theorem 1.4.1 on this segment, so does H + u where u € Cg°(R41).
If u € Cg°(RI*1), then (teq,0) is an orbit segment in the zero energy level of H +u as well. Fur-
thermore, we have 07 ,u(te;) = 0 for all ¢ € [0,8]. Therefore, in comparison between Y, (t)
and Y(t), the only difference appears in the minor blocks K, (t) = 822 (H + u)(te1,0) and
K(t) = 8§2H(t61,0). That means H + u, where u € C§°(R¥*1), satisfies assertions of Theo-

rem 1.4.1 on 6(t) for all t € [0,4].

2.2.2 Perturbed transition maps from the viewpoint of control theory

Corollary 2.2.2 declares that dR.(0) =: L,(t) is the solution of the following differential
equation
I, ueOg°(RYY), (2.2.7)
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where Y, (t) := J0Z(H + u)(te1,0). Equation (2.2.7) in above can be viewed as the control
problem

d
&WZYW%®+Z;%®E&)QXN%tem%<%@=L (2.25)

k2
where w;; represents the coordinates of the control w € C*°([0, 4], S(d)). Moreover, E(ij) is the
symmetric d X d binary matrix that its only non-zero components are placed at ¢j and ji entries.
It is easy to see that {E(ij) | i,7 € {1,2,...,d}} is a basis for S(d) which denotes for the set of

symmetric matrices of dimension d x d.

In the proof of the Proposition 2.2.3 below, using Lemma 2.1.1 we will show that there

exists an open dense subset U C Cgo(]Rd“) such that for each @ € U the end-point mapping
f:C*>([0,6);S(d)) — Sp(2d) associated to the control problem

d
Au(0) = Ve0X0)+ 3 w0 [l 00, ces m@ =1 229

is controllable of first order at w = 0. That is equivalent to say that the differential of f at w =0
is onto i.e.

df (0)(C>°([0,0]; S(d))) = T (5)Sp(2d), (2.2.10)

where in the right hand side of (2.2.10), X(¢) denotes for the solution of the following homoge-
neous equation _
X)) =Ya(t)X(t), X(0)=1I.

Recall that the end-point mapping with respect to the control problem (2.2.9) is defined as
w — Xy (6), where X, (¢) is the solution of (2.2.9).

Proposition 2.2.3. There exists an open dense subset U C Cgo(Rd“) such that for a given
u € U, the end-point mapping w — Xy, (0) associated to the control problem

d
(0 = Vi0X 0+ 3 w0ty o] 0 €00 B =1
Z7j<:Jl

is locally controllable at w = 0.

Proof. Let t € [0, ] be given. Based on Lemma 2.2.1, it is enough to prove that

span{ B;(t), Bf; (), Bj;(1), B;(}) | i,5 € {1,2,...,d}} = sp(2d), (2.2.11)
where

550 = pts) o

Bi(t) = B '(1),Ya(t)], r=2,3,4.
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We have
2 [—~DE(ij) 0
Bij(t) = |0 ’ E(ij)D|’
3y _ | 0 —2DE(ij)D
By = | (i) DKu(®) - Ka®DEG) o
54 q _ [3DEG)DKq(F) + DKa(?) DE(ij) 0
50 = [ R DRA® - Ki)DEGS)  —B)DKDD — SKe(ODEGHD]

Note that B, (f) defined as follows is in the span of Bj;(f) and B (%)

B () = |7 3PE)DKa(D) + DKx(f) DE(ij) 0 ]
g 0 —E(ij)DKa(f)D — 3K4())DE(if)D| -

Since span{B}(t), B (t), B(t), BL(t) | i,5 € {1,2,...,d}} C sp(2d), in order to prove (2.2.11)
we just need to show that

2d(2d +1)

dim(span{ B, (f), BY; (D), Bj; (5), B (8) 11, € {1,2,...,d}}) 5

As DE(ij)D is a basis for S(d), the dimension of span{B}(f), B%(#) | i,j € {1,2,...,d}} is
equal to d(d 4 1). Therefore, because we have

span{Bi; (), Bj;(D)li,j € {1,2,...,d}} Nspan{B3;(£), Bi;(}) | i,5 € {1,2,...,d}} =0,
equation (2.2.11) holds whenever

2d(2d+1)
2

span{ B}, (t), BL(D)i,j € {1,2,....d}} = d(d+1) = d?. (2.2.12)

Define G := { — E(ij),3E(ij) DKy (t) + Ka(t)DE(ij) | 4,5 € {1,2,...,d}}, then (2.2.12) is true
if G spans M (d) which denotes for the space of real d x d matrices.

Note that M(d) = S(d) & S~ (d) —where S~ (d) denotes for the anti-symmetric d x d matrices—
and G already includes a basis for symmetric matrices. Define

Z(ij) == B(ij)DKy(f) — Ka(D)DE(ij), i<j, i,j€{1,2,...,d},

which is the skew-symmetric part of 3E(ij) DKy (t) + Kg(t)DE(ij) in the decomposition alike
M=LM+MT)— LM —MT), for M € M(d). Consider the linear function

d(d—1)
p

Q:8(d) = (S (d))
that the coordinates of its image are defined as
Q;;(S) == (E(ij)DS — SDE(ij)) i,j€{1,2,...,d}, i<j.

For Sy such that DSy = diag(1,2,...,d), it is easy to check that det Q(Sy) # 0; In fact, €;;(So)
are equal to (j —4)E(ij) which are linearly independent. Since det 2(Sp) # 0, we conclude that
the determinant of €2 is not identically equal to zero. Therefore, the set R defined as follows

R :={S € 8(d) | coordinates of (S) are forming a basis for S~ (d)},

is the complement of an Algebraic set. Hence, R is an open dense subset of S(d).
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We define
U :={uc CR™) | K,(f) € R}.

Note that for each @ € U, equation (2.2.12) is true. So to finish the proof, it remains to show
that U is an open and dense subset of C§°(R4T1). Consider the map g(u) : Cg°(R**1) — S(d)
defined as g(u) := K, (t). Because g(u) is open and continuous, and R C S(d) is open and dense,
then g~*(R) = U is an open and dense subset of Cg°(R*1). O

2.2.3 Proof of Theorem 3

Proposition 2.2.3 and part (b) of Lemma 2.2.1 imply that there exists an open dense subset
U C Cg°(R%1) and a finite dimensional subspace FF C C*([0,6]; S(d)) such that for a given
u € U, the map
F>w— Xy (9)

is a C'! submersion near w = 0. Where X,,(¢) is the solution of the control problem (2.2.9).
Suppose that T is the minimum period of 0(¢). We define

Vi={ue CPRM"Y) | d*u(ro6(]s,T +3[) =0}

There exists a finite dimensional subspace E C ) such that the map h : E — F defined as
h(u) == Bgzu(tel) is a linear isomorphism where ¢ € [0, d]. In consequence, the map

is a C'! submersion near u = 0.

We wish to prove that the map F(0, H + u) : Cg°(R**1) — Sp(2d) defined as u — dP, is
weakly open.
For a given ug € Cg° (R+1) | there exist linear symplectic maps

Ve : TEXNTH '(0) = TAoNTH (0), Qu, :TAsNTH *(0) = TX NTH (0),

such that dP,, = Vi Ly, (6)Qu,-

Let O C Cg°(R%*!) be a given open subset. Since U C C5°(R¥*1) is open and dense, O N U is
a non-empty open subset of C§° (R4+1). We choose @ € O N U. There exists a finite dimensional
subspace E C ) such that the map E > u + Ly, (d) is a C! submersion near u = 0. Therefore,
dPyyy = VaLgiuQq is a C! submersion near u = 0.

2.3 Two remarks on assumptions of Theorem 3

In this section we wish to show that "6 admits a neat time ¢y such that 6(to) ¢ I'y" in the
statement of Theorem 3 is a necessary assumption.

First we show that admitting a neat time is a necessary assumption. Consider the smooth
Hamiltonian

H(q,p) = g4(p.p) + u(q), (2.3.1)

where ¢ is a Riemannian metric and u(q) is a potential. Assume that 6 is a periodic symmetric
orbit of H. Recall that an orbit is called symmetric if it does not admit any neat time. As we
mentioned in the introduction of this thesis, Kozlov [Koz76] proves the existence of a periodic
symmetric orbit for such a Hamiltonian H of the form (2.3.1).
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A map R:T*M — T M is a reversing involution of the phase space if for a given o, € T M
it satisfies R(a,) = —a,. A Hamiltonian H(q,p) : T*R*! — R is called reversible whenever
H = H o R, where R is a reversing involution on 7% M. Note that for a reversible Hamiltonian
H, if (Q(t), P(t)) is an orbit of the Hamiltonian vector field of H, then (Q(—t), —P(—t)) is also
an orbit.

Let ¢* be the Hamiltonian flow of a reversible Hamiltonian H, then for each x € T*M, the flow
satisfies the following

(6" o R0 ¢')(2) = R(x), (2.3.2)

where R is a reversing involution on 7% M.

The Hamiltonian H given in equation (2.3.1) is reversible. That is simply because g,(p, p) is
quadratic with respect to p-variable.

To have a geometric intuition of periodic symmetric orbits of a reversible Hamiltonian H,
note that if () = (Q(t), P(t)) is a periodic symmetric orbit of H with minimal period 7', then
0(t) where t € [0,T], meets the zero section exactly twice. These intersection points are those
points where the orbit #(¢) has zero velocity i.e. points at which Q(t) vanishes. Except from
these two points, 8(t) where t € [0,T], meets each vertical fibration exactly twice.

Definition 2.3.1. Ford > 1, N € Sp(2d) is a reversible symplectic matriz if it satisfies

I; O

NRN =R, where R= [O I,

:| 2dx2d

Proposition 2.3.2. Assume that H : T*M — T*M is a smooth reversible Hamiltonian defined
on cotangent bundle of a smooth (d 4+ 1)-dimensional manifold M where d > 1. Suppose that
0(t) € H=1(k) is a symmetric periodic orbit of Hamiltonian vector field of H. Let

P:{pr=0}nH (k) = {p=0}nH (k)

be the restricted Poincaré map with respect to 0(t), then the differential of P is a reversible
symplectic matriz.

If 6(t) is a periodic symmetric orbit of H : T*M — R, then 0(t) is a periodic symmetric orbit
of H + u where u € Cg°(M). The set of all reversible symplectic matrices is a submanifold of
Sp(2d) with positive codimension. Therefore, assuming Proposition 2.3.2, the image of the map
F(6, H 4 u) defined as

C°(M) 3 u— dP,,

for a periodic symmetric orbit  of a reversible Hamiltonian H, has no interior in Sp(2d). Hence,
Theorem 3 does not hold for such orbits.

Proof of Proposition 2.3.2. Let ¢' be the Hamiltonian flow of H, and 7(z) : {p; = 0} — R be
the first return time to the section {p; = 0}. We wish to solve the equation

(¢s(1) oRo ¢T(m))(x) =R(z), ze{p =0}, (2.3.3)

where s(x) : 2 € {p1 =0} — RT is unknown and R(z) : T*M — T*M is a reversing involution.
Consider the mapping p1(z) : T*M — R that gives the p;-coordinate of a given point x € T* M.
For each = € {p; = 0}, we have

(proRo¢™™)(z) =0, € {p =0} (2.3.4)
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Therefore, from equations (2.3.2) and (2.3.4) we conclude that 7(z) solves the equation (2.3.3).
Hence, for = € {p1 = 0} we have (¢7®) o R0 ¢"(®))(z) = R(z) which implies that

PoRoP =R (2.3.5)
Differentiating (2.3.5) gives

Iy O

(dP)R(dP) = R, where R=
0 —I4

:l 2dx2d .
We proved that dP is a reversible symplectic matrix. O

To complete this section, we will study an example of a Hamiltonian vector field that all its
orbits are periodic and they are admitting neat points only, but they are all included in I'y.
Let M = S! x R?, where S! is the unit circle. We define H(q,p) : T*M — R as H(q,p) = p1.
The Hamiltonian system associated to H is as follows

d
—4¢=0, p=0.

=1
q1 ) dt

Therefore, all orbits are periodic orbits that are consisting of neat points only and they are all
included in I'y. Note that the Poincaré map of a given orbit of the above system is fixing the
g-coordinates, so the first block line of the linearized Poincaré map of a given orbit is [1, 0], and
this block line is invariant under admissible perturbations. Such matrices with first block line
[1,0] have no interior in Sp(2d). So the map F(0, H + u) for an orbit 6 of the Hamiltonian H is
not weakly open.
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The aim of this chapter is to prove Theorem 4 and Theorem 5. Then, as we have explained
in the introduction of this thesis, Theorem 6 would be an immediate consequence which in the
context of this thesis we name it as bumpy metric theorem.

3.1 Background

3.1.1 Preliminaries on projection map

In this section we study the projection map 7y : X x Y — Y where X and Y are topological

spaces. Our goal is to show that whenever X is a countable union of compact subsets, the image
of every F, subset under my is F,; See Lemma 3.1.3 below. The mentioned fact would be a
consequence of the so-celled tube lemma which can be found in standard text books of general
topology, look at Munkres [Mun00] Lemma 26.8 for example.
Assume that X and Y are two topological spaces. Consider the product space X x Y with the
product topology. For a singleton {yo} C Y, the subset X x {yo} C X xY is called a slice. Given
a slice X x {yo} C X xY,if Uy, CY is an open set containing yo, then X x U, is called a tube
around the slice X x {yo}.

Lemma 3.1.1 (Tube lemma). Let X and Y be two topological spaces and assume that X is
compact. Consider the product space X XY, and suppose that O C X XY is an open subset
containing the slice X x {yo} C X x Y. There exists an open subset Uy, such that yo € Uy,, and
the tube X x Uy, is contained in O.

40
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Proof. Let |J,(Ta % €4) be an open covering of X x {yo} such that |J, (7o % £) C O and
Ta X E, are basis elements of the product topology concerned to the product space X x Y.
Because X X {yo} is homeomorphic to X and X is a compact space, we conclude that the slice
X x{yo} € X xY is compact. Therefore, X x {yo} can be covered by finite elements among
To % Eq, namely T; x &;, where i € {1,2,...n}. After eliminating those elements 7; x &; such
that yo ¢ &;, we still have a finite covering | J,(7; x &), where ¢ € {1,2...,m} and m < n. We
define Uy, := ), Ti, then X x U,, is the desired tube. O

Lemma 3.1.2. Assume that X and Y are two topological spaces and X is compact. Consider
my : X XY — Y as the projection map (x,y) — y. Let C be a closed subset of X x Y, then
7wy (C) CY is closed.

Proof. Suppose that yq is in the complement of 7y (C) C Y. Then, C¢ contains the slice X x {yo}.
Note that C¢ is an open subset of X x Y, and by assumption X is compact. So based on the
tube lemma there exists an open set Uy, C Y such that yo € Uy, and X x Uy, is contained in C*.
Therefore, we have my (X x Uy, ) C 7y (C®) which implies that U,, is contained in the complement
of m(C) C Y. We proved that a given point yo in the complement of 7y (C) is an interior point,
so my (C) C Y is closed. O

Once again, consider the projection map 7y : X X Y — Y where X and Y are topological
spaces and X is compact. Moreover, assume that 7 C X x Y is a given F, subset. Then,
Lemma 3.1.1 implies that 7y (F) C Y is F,: Since F € X xY — Y is F, we can write
F = ;G as a countable union of closed sets C; C X x Y where i € N. Therefore, we have
n(F) = n(U;C;) = U, 7(C;). Because of Lemma 3.1.1, 7(C;) C Y is closed for all i € N, so we
have just wrote w(F) as a countable union of closed subsets which means 7(F) is an F, subset
of Y.

Now consider the same projection map 7y : X x Y — Y, but this time assume that X is a
countable union of compact sets. For such a map, using Lemma 3.1.1 we can deduce that the
image of each closed subset is an F, subset.

Lemma 3.1.3. Assume that X and Y are two topological spaces and X is a countable union of
compact sets. Consider my : X XY — Y as the projection map (z,y) — y. IfC C X XY isa
given closed subset, then w(C) CY is Fy.

Proof. By assumption, we can write X as a countable union of compact subsets X; C X, where

i €N,
x=Jx.
ieN
For each i € N, let ﬂ'y’XI_Xy be the restriction of my to X; x Y, then Lemma 3.1.2 assures that
ﬂy‘XiXY(C) CY is closed. We can write 7y (C) as 1y (C) = |J; ﬂ-Y|Xi><Y(C)' Since Wy‘XiXY(C) is
closed for all i € N, we conclude that 7y (C) is an F, subset of Y. Note that if we have X; xY C C
for some ¢ € N, then ﬂ'y’ XMY(C) =Y which is automatically closed in Y. O

With a similar argument as we had right after Lemma 3.1.2 we can show that for the projection
map 7y : X XY — Y where X is a countable union of compact sets, the image of every F,
subset is an F,; subset. Assume that F C X x Y is a given F, subset of X x Y, then there exist
closed subsets C; C X x Y such that F = | J; C;, where ¢ € N. We have my (|, Ci) = U, mv (C:),
and Lemma 3.1.3 guarantees that 7y (C;) C Y is F,, for all 4 € N. Since 7y (F) is a countable
union of F, subsets of Y, it is itself an F,, subset.
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3.1.2 Introductory definitions and lemmas

For this chapter it is useful to clarify the definition that we have in mind of a topological
manifold: A second countable Hausdorff topological space that is locally homeomorphic to an
Euclidean space. With this definition, every manifold is a countable union of compact subsets.
See Chapter 4 of [Shal7|.
Assume that H : T*M — R is a given smooth Hamiltonian defined on the cotangent bundle
of a smooth manifold M. Consider ¢!(z,u) as the Hamiltonian flow associated to H + u, where
u € C*(M). With a look back to the statement of Theorem 4, without loss of generality suppose
that k is given as 0.
We define A(z,u) : T*M x C*°(M) — C*°(M) as the projection map to the second variable i.e.
the mapping (x,u) — u.

Let Z be the subset of T*M x C°°(M) defined as follows

Z = {(z,u) € T"M x C(M) | (H + u)(x) = 0, d(H + u)(x) = 0}. (3.1.1)

Note that Z is a closed subset of T*M x C*°(M).
Because T*M is a countable union of compact subsets and Z C T*M x C*°(M) is closed, from
Lemma 3.1.3 we conclude that A(Z) C C*°(M) is an F, subset. That is to say the set of
potentials u € C°°(M) for which the 0-energy level of H + u is not regular is an F, subset of
C°(M). Assume that ug € C°(M) is given, then Sard’s theorem implies that for any open
neighborhood U,,, C C* (M) of ug, there exists a € Rt such that ug+a € U,, and 0 is a regular
value of H 4w+ a. We just proved one of the assertions of Theorem 4 that is the set of potentials
{ue C®(M) | (H +u)~1(0) is a regular energy level} is a G5 dense subset of C°°(M).

Let T be a given nowhere dense F, subset of Sp(2d).
We say a periodic orbit is non-degenerate of order one if 1 is not an eigenvalue of its associated
linearized restricted Poincaré map. Similarly, a periodic orbit is called non-degenerate of order
m if its associated linearized restricted Poincaré map does not take v/1 as an eigenvalue for all
te{l,2,...,m}.
We define subsets PS ¢ P5 C P* C P C P2 C P! CJ0,00[xT*M x C*°(M) as following

Pl .= {(s,m,u) €]0, 0o[xT*M x C*°(M) | x is a s-periodic point
of Hamiltonian vector field of H +u and (H + u)(z) = 0},
P2

= {(s, x,u) € P | z is a periodic point with minimal period s},
P? = {(s,z,u) € P? | t =0 is a neat time of the orbit 0(t) := ¢'(z,u)},
Phi={(s,z,u) € P |z ¢ 'y},
PO = {(s,z,u) € P*| 0(t) := ¢'(x, u) is non-degenerate of order one},
PS := {(s,z,u) € P’ | the linearized Poincaré¢ map of 0(t) := ¢(z,u) does not belong to Y}.

Note that P! contains ]0, co[x Z and it is a closed subset of ]0, co[xT*M x C*°(M). At the other
hand, P? is disjoint from ]0, co[x Z.

The product space |0, co[xT* M x C>°(M) is a metrizable space. In general, due to Tychonoff
[Tyc26], every second countable T3 (regular Hausdorff) space is metrizable, and a finite product of
metrizable spaces is metrizable as well. Here, |0, co[xT™*M is a product of two smooth manifolds,
so it is metrizable. In addition, C°°(M) is a Férechet space (see Definition 1.6 in [GGT73]), so it
is metrizable. In conclusion, The product space |0, co[xT*M x C*°(M) is metrizable.

A subset F of a topological space X is locally closed if for each © € F' there exists an open
neighborhood V,, C X such that V, N F is a closed subset of V.. Equivalently, F' C X is locally
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closed if it is the intersection of a closed and of an open subset of X.

Assume that X is a metrizable topological space, then each locally closed subset of X is an
F, subset. To illustrate this fact, first note that all closed subsets are F,. So it is enough to
show that a given open subset U C X is F,. Suppose that metric d induces the topology of X.
For n € N, define U := {B(z,1) |z € U}, where B(z,r) := {y € X | d(y,z) < r} is the open
ball of ratio r centered at z. ertmg UiasUr ={z €U |dx,X\U) = 1} shows that Ui is
closed for each n € N. Since we have U = UneN U, we conclude that U is an F, subset of X.

Suppose that X is a topological space and we have A € B C X in such a way that B is
locally closed in X, and A is locally closed in B. We aim to show that A is locally closed in X.
Since B C X is locally closed, we can write B = O N F} where F} C X is closed and O; C X is
open. Similarly, there exists an open subset Oy C X and a closed subset F5 C X such that

A=(BNOs)N(BNE). (3.1.2)

Replacing B = O1 N F} in equation (3.1.2) above gives A = (O1 N O2) N (F1 N F3), so A is locally
closed in X.

Lemma 3.1.4. The sets P*\ PiTL for 1 <i <4, are F, subsets of ]0,00[xT*M x C(M).

Proof. We aim to prove that P!\ P? is a closed subset of P!. Then the closed inclusions
PL\ P2 C P CJ0,00[xT*M x C°°(M) imply that P!\ P? is a closed —thus an F,— subset of
10, co[xT*M x C*(M).

Consider a sequence (sg,x,ur) € P\ P? converging to (s,z,u) € P'. We will prove that
(s,z,u) ¢ P2. Denote by S, the minimal period of ;. There exists a sequence of integers i > 2
such that sy = i3Sy Moreover, there exists an extraction ¢ : N — N such that sy ) = igk)Sg (k)
where ig(y) is either a constant sequence or it tends to +o0o. In the first mentioned case, if ¢ > 2 is
the constant value of the subsequence i1y, then we have Sy) — £. So the point z is 2-periodic
which implies that s is not the minimal period of x. Therefore, by definition of P2, we conclude
that (s, z,u) ¢ P2. In the second case, we have (z,u) € Z where the subset Z C T*M x C>(M)
is defined in (3.1.1). Recall that P? is disjoint from ]0, oo[x Z. Hence, in both cases (s, z,u) does
not belong to P2.

We will prove that P? \ P? is closed in P2, Assume that (sg,zx,ur) € P2\ P3 converges to
(s,z,u) € P%. Denote by Q(t) the projected (H + uy)-orbit of z;, and let Q(¢) be the limit of
Q(t). Since 0 is not a neat time for Qx(t), we can assume by taking a subsequence that either
Q1(0) = 0 for each k or there exists times 7 €] — s1/2,0[U]0, 51./2] such that Qx(0) = Qx (7).
The first case immediately gives Q(O) = 0. In the second situation, if the sequence 7, has an
accumulation point 7 # 0 then we have Q(7) = Q(0). Recalling that s is the minimal period of
z and T < s, the equation Q(7) = Q(0) implies that 0 is not a neat time for Q(¢). Otherwise, if
T — 0, the equation Qx(73) = Qx(0) gives Q(0) = 0, so once again 0 is not a neat time for Q(t).

We have proved that P2\ P3 is a closed subset of P2, so P? is open in P2. Therefore,
there exists an open subset O; of ]0,00[xT*M x C°°(M) such that P? = P? N O;. Earlier in
this proof, we showed that P!\ P? is closed in P! which implies that P? is open in P!, s
there exists an open subset Oy CJ0, 00[xT*M x C°°(M) such that P? = P N O,. Hence, after
recalling that P! is a closed subset of |0, co[xT™* M x C*°(M) we conclude that P? = PN O, and
P3 =PLNO; N Oy are locally closed subsets of 0, 0o[xT*M x C>°(M). Since P?\ P? is closed
—thus locally closed— in P2, and P? C]0,00[xT*M x C>(M) is locally closed, we conclude
that P2\ P? is a locally closed subset of |0, co[xT* M x C°°(M). Because ]0, co[xT* M x C>(M)
is metrizable and P? \ P? is locally closed, P? \ P? is an F,, subset of |0, co[xT*M x C*°(M).

The definitions of P* and P° are immediately implying that P* is open in P3, and P? is open
in P%. Because the inclusions P> C P* C P3 C P2 C P! are all open and P! is a closed subset
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of 10, 00[xT*M x C*°(M), a similar reasoning as the above paragraph implies that P>\ P* and
P3\ P* are both F, subsets of |0, 00[xT*M x C>(M). O

3.2 Proof of the bumpy metric theorem

3.2.1 Proof of Theorem 4

Let us define II : ]0, 00[xT*M x C°°(M) — C°°(M) as the projection to the third variable
i.e the mapping (s,z,u) — u. Because ]0,00[xT*M is a countable union of compact subsets,
Lemma 3.1.3 guarantees that the image of an F,, subset under the map II is an F, subset of
C>(M).
To prove Theorem 4, we will show that II(P*\ P%) is a nowhere dense F, subset of C*°(M).
That is equivalent to prove that II(° \ P%) and II(P*\ P?) are both nowhere dense F,, subsets
of C*°(M). We will accomplish these tasks in Propositions 3.2.1 and 3.2.2 below.
Separability of the product space ]0, co[xT*M x C°° (M) allows us to conclude Proposition 3.2.1
and 3.2.2 after proving them in a neighborhood of a given point (sg,zg,ug) €]0,00[xT*M x
C>(M).
Theorem 3 has a central role in the proof of Proposition 3.2.1. Besides, we apply the normal
form given in Theorem 1.4.1 in the proof of Proposition 3.2.2.

Proposition 3.2.1. The set II(P5 \ P°) is a nowhere dense F, subset of C°°(M).

Proof. For a given (sg, o, ug) €]0,00[xT*M x C°(M), assume that Y C|0, co[xT*M x C*°(M)
is an open neighborhood of (sg, zo, ug). Define Pp . :=P5NY, and PP := P NP . We denote
by (Pg.)¢ the complement of P C PP ..

Define F(s,z,u) : Pp. — © C Sp(2d) as the map which associates to each periodic point its
restricted linearized Poincaré map. Where € is the image of P} . under F. By definition of PS,
we have (PP )¢ = F~1(YT N Q). Because F is continuous, and by Theorem 3 it is weakly open,
we conclude that (PP )¢ is a nowhere dense F,, subset of P} .

First order non-degeneracy of periodic orbits has a continuous dependence on the parameter u.
Hence, provided by reducing Y if necessary, the restriction of II to P} . is a homeomorphism onto
its image II(P}].) which is an open subset of II()). The set II(P} .\ Pg_) can be seen as the
image of (P£.)¢ under the homeomorphism II . Therefore, since (P} )¢ is a nowhere dense

F, subset of P}, sois (P2 \ PE.) C IL(Y).
Because |0, 00[xT*M x C>°(M) is a separable space, we deduce that II(P5 \ P%) is a nowhere
dense F, subset of C*>°(M). O

7)5

loc

Proposition 3.2.2. The set II(P*\ P°) is a nowhere dense F, subset of C°°(M).

Proof. We have already proved that II(P*\ P®) C C>(M) is F, in Lemma 3.1.4, so it remains
to show that II(P*\ P5) is a nowhere dense subset of C>°(M). Let (s, 7o, ug) € P* be given
where zo = (qo,po). Without loss of generality assume that uy = 0, and o = 0 is the origin
of the local coordinates given in Theorem 1.4.1. We consider the section {¢; = 0} which is
transverse to 0(t) := ¢'(xg,up) at 6(0). Due to properties of the local coordinates, 8(t) has zero
energy; Furthermore, since dH (0) = (e1,0), the tangent space to {H = 0} at the point ¢ =0 is
{p1 = 0}.

If u belongs to a sufficiently small neighborhood C7%.(M) C C*°(M) of u = 0, then & = (§,p)
are symplectic local coordinates of the section

A(u) = {(g.p) € R**2 | g, =0, (H +u)(q,p) = 0}.
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Let R?  {# | #(2,u) € A(u)} be an open neighborhood around & = 0, where z(&,u) € A(u)
denotes for the point that has coordinates .
Consider
T( ) Rloc X C?:(‘(M) —+R
as the first return time and

,(/J(j‘" u) loc X Cloc( ) IRloc

as the first return map. In fact, ¥ (&, u) is the & coordinates of the point ¢(T(§:,u),x(£,u), u)
where z(Z,u) € A(u).
Let S be the set of solutions of the equation

(&, u) = I (3.2.1)
Moreover, define S° as the set of non-degenerate solutions of (3.2.1); More precisely,
8% := {(#,u) € S| 1is not an eigenvalue of dz1)(Z, u)}.

Note that (#,u) € S if and only if (7(%,u),z(%,u),u) € P. By Lemma 3.1.4, the inclusion
P* C Pl is open, so up to reducing R?¢ and C,(M) we conclude that (2,u) € S if and only if
(1(2,u), z(&,u),u) € P
We define

Proe =P N {(7(2,u), ¢' (x(2,u),u),u) | t €R, (&,u) € S}

which is an open neighborhood of (sg,0,0) € P*. By definition of P}, we have

(Pipe) = A(S),

where Il and A are projections to the third variable and to the second variable respectively.
Since (2, u) € 8® if and only if (7(Z,u), z(2,u),u) € P?, we conclude that

(P \ P?) = A(S\ S).
So we reduced the claim of the proposition to:
A(S\ 8°) is a nowhere dense subset of C*(M). (3.2.2)

Our strategy to prove the claim (3.2.2) above is to show that S is a submanifold of R%’ZC X
Cro (M), and S° is the set of regular points of the map A‘S i.e. the restriction of the projection
map A to S. Applying Sard’s theorem then completes the proof. However, first we wish to
restrict our setup to a finite dimensional space of C'*° (M) which allows us to use the notion of
Fréchet differential instead of Gateau differential with respect to w.

Lemma 3.2.3. For a given open neighborhood U C M of qo, there exists a finite dimensional
subspace E C C*°(M) formed by potentials supported inside U and null on the orbit 0, such that
0,0(0,0) sends E onto R?,

Assuming the above lemma, we finish the proof of Proposition 3.2.1 considering 0, as the
notion of Fréchet derivative. By Lemma 3.2.3, 9,4(0,0)E = R??, Therefore, up to reducing the

neighborhoods R?4, and C£2 (M) if necessary, we have

Dutp(&,u)E =R, for all (&,u) € R¥, x C2 (M).
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Let Ejo. C E be a neighborhood of 0. For a given v € C%. (M), define ¥, : R% x F),. — R24 a5

loc
U, (Z,u) := (&, u+v) — 2.

If Ejye is a sufficiently small neighborhood of 0, then ¥, is a submersion. In consequence, the
set N := W ;1(0) is a submanifold, and {(%,u) € N | 9;¥,(&,u) is not invertible} is the set of
singular points of the map A|N; See Proposition 2.2 of [BM15].

If v + u belongs to A(S\ 8°), then u is a critical value of A|: Suppose that v+u € A(S\S),
then there exists # € R}, such that (&, v+u) € (S\8®), so (#,u) € N is a critical point of A
which implies that « is a critical value of A| n - By Sard’s theorem, there exist regular values of
A|  arbitrarily close to 0, so v does not belong to the interior of A(S'\ S%). Since this holds for

all v € C52 (M), we conclude that A(S\ §°) is nowhere dense. O

Assume that 9,¢"(z,u)(h), where h € C>(M), is the Gateau differential of ¢(x,u) with
respect to u at the point (¢, z,u) €]0, c0[xT*M x C>°(M). We have

0" (, u)(R) :amt(x,u)/o [026° (2, w)] 1 [_dh(w OO¢S(I70))} ds. (3.2.3)

In order to obtain (3.2.3), note that 9,¢"(z,u)(h) satisfies the differential equation

90,0,¢" (z,u)(h) = 102 (H + u)(¢" (z, 1)) 0ud (2, u)(h) + [dh(ﬂ' ooqﬁt(z,o))} . (3.2.4)

We are able to verify equation (3.2.4) above via the following computations
0,0y ¢" (,u) = 8,0,0" (,u) = 9, [Jd(H + u) (¢' (z,u))]
_ 192 t ¢ 0
=30 +0) (6 )06 w0+ | D]
Furthermore, we have
0,0,0" (z,u) = 02 (H + u) (¢ (z, 1)) 9,¢" (z, u), (3.2.5)

which is similar to equation (2.2.3) in the previous chapter. Note that the differential equation
(3.2.5) is the non-homogeneous equation associated to (3.2.4), so equation (3.2.3) would be the
result of the well-known relation between solutions of a non-homogeneous ordinary differential
equation and its corresponding homogeneous equation. Once again we refer to Chapter IV of
Hartman [Har82]|, Corollary 2.1.

Proof of Lemma 3.2.3. We work in the local coordinates given by Theorem 1.4.1 around z = 0,
so JO%, H (te1,0) has the block form alike (2.2.1). Therefore, equation (3.2.3) is uncoupled with
respect to 21 = (q1,p1) and & = (4, p) coordinates.

Let ¥'(#,u) : {¢1 = 0, H+u =0} - {¢1 = t, H+ u = 0} be the one-parameter family of
restricted transition maps between {¢1 = 0} and {¢; = t}. Note the difference between the
notations (&, u) and v'(#,u) which are referring to the return map and the one-parameter
family of transition maps respectively.

¥!(&,u) is the &-coordinates of ¢'(z(%,u),u) where z(2,u) € A(u) denotes for the point with
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coordinates &. Therefore, for a fixed o near 0

0,07 0.0)(0) = 0:0°0.0) [ s 0,01 |, M ]

Take 7 (t) supported in ]0, o[ as an smooth approximation of Dirac delta distribution §(¢). More
precisely, lim,_,o+ 1¢(t) = §(t) where the limit is in the sense of distribution. For 1 <i,j < d, let
hij € C*°(M) be given such that

—8ghij(ter) = ne(t)e; +n.(t)D " "e;,

where 7. (¢) is the derivative with respect to ¢t of (t), and D = (922H(t61, 0) is a constant diagonal

matrix with only +1 or —1 entries; Look at the block form expression of J§%, H (te1,0) in (2.2.1)
again. For this proof we only need to use the fact that D is invertible.

Provided € > 0 be sufficiently near zero, we show that 9,17 (0,0)(h;;) is a basis for R*. After
setting V (t) := 9;¢(0,0), we have

0.0°0.0)05) = V(o) [ VO (e 1 wpten|

/V [ 2) ]ds+V /V [ D _1ei] ds.  (3.2.6)

o) /O V1 (s)ne(s) [eﬂ ds ~ V(e)V=1(0) m . (3.2.7)

It is clear that we have

Now we compute the other term V(o) [ V™1(s) [ /(s)D1 ] ds, in the right hand side of the
equation (3.2.6):

/ V- {UE )% X ]dSZ—V( )/U— 1 (8)J0% H(se1,0) Lk(s)%lei] ds

/ v { K(s) ﬂ ng(s)%—lei] o

~ V(o)VH0) H . (3.2.8)

Equations (3.2.6), (3.2.7) and (3.2.8) imply that 9,4 (0,0)(h;;) ~ V(o)V~1(0) [Z’} . In conclu-
J

sion, because V (¢)V ~1(0) is invertible, 9,17 (0,0)(h;;) forms a basis of R,

Consider the map G, (%) as the restricted transition map from {¢; = o} to {q1 = 0} along
the periodic orbit. For potentials w that their supports are disjoint from {te; | ¢t € [0, so]} we
can write the restricted Poincaré map ¢ (&, u) as

d}(ia u) = G(T (11[}0(‘%7 U)) :
Then, because 9,17 (0,0) is onto we conclude that 9,1 (0,0) = 0;G»(0) 0 9,47 (0,0) is onto. [
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One of the key points of the proof of Lemma 3.2.3 is that the matrix BEQH(sel, 0) viewed
in the coordinates given in Theorem 1.4.1 is invertible for all s € [0,0]. That is precisely the
expression in coordinates of fiberwise iso-energetically non-degeneracy at 0.

3.2.2 Proof of Theorem 5

We prove Theorem 5 which is the last step that we need to take to achieve the bumpy metric
theorem. For a given n € N we define

R(n) = {(r,u) € T*M x C(M) | 9,H(x) £ 0, 9(1~ ] x {a} x {u}) C I},

where occasionally we have preferred the notation ¢ (¢, z, u) over ¢'(x, u) which we have frequently
used during this thesis. Proving Theorem 5 is the matter of showing that A(UneN R(n)) is a
nowhere dense F, subset of C*°(M).

By definition, for a given n € N, R(n) is a locally closed subset of T*M x C°(M). Note that
OpH (x) # 0 is an open condition for the points (z,u) € T*M x C*°(M), and for a given n € N,

{(z,u) | ¢([—%, %] x {x} x {u}) C I'y}

is a closed subset of T*M x C*°(M). For a given n € N, since R(n) C T*M x C*°(M) is locally
closed and T* M x C°° (M) is metrizable, we conclude that R(n) is an F, subset of T* M xC>(M).
In consequence, AU, cnyR(n)) = U,en A(R(n)) € C(M) is an F, subset. Where we used
the fact that the image of an F, subset under A is F,, and union of countable F, subsets is Fy,.

It remains to show that A(J,cyR(n)) is nowhere dense which we conclude after proving
that A(R(n)) is nowhere dense for a given n € N. Because T* M x C*° (M) is separable, assuming
that n € N is given, it would be enough to show that for a given (zg,up) € R(n) neighborhoods
(T*M)ioc C T*M of zg and C7%,(M) of ug exists such that A(((T*M )i x C52(M)) NR(n)) is
nowhere dense.

Let n € N, and k > 2d + 2 be given. Consider

1
0<UO<01<0'2<~'~<0'k<0'k+1<5-
Define @ : T*M x C®°(M) — (T*M)* as
D(x,u) = ((b(ohx,u), .. .,(b(ok,:mu)).

The lemma that follows is the key to prove Theorem 5.

Lemma 3.2.4. Assume that (zo,up) € T*M x C°(M) given such that OpH (xo) # 0. The times
o, where 0 < i < k+ 1, can be chosen in a way that a finite dimensional subspace E C C*(M)
exists for which the map Fy, : T*M x E — (T*M)* defined as F,,(z,u) = ®(x,ug + u) is
transverse to (I'g)* at the point (x¢,0).

With assuming the above lemma, we give a proof of Theorem 5. Suppose a point (xg,ug) €
T*M x C*°(M) such that 9,H(z9) # 0 is given. By the above lemma, there exists a fi-
nite dimensional subspace E C C*°(M) so that the map F, (z,u) is transverse to (I'y)* at
(z0,0). Because transversality is an open property, there exists neighborhoods (7% M);,. of xg
and Cf2,(M) of ug such that the map F,, (z,u) is transverse to (I )" at each point (21, 0) when-
ever (z1,u1) € (T*M)ioc x C2.(M). Therefore, Fu_ll((FH)k) is a submanifold of (T*M )i X E;
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Moreover, the codimension of F, ' ((I'y)*) in (I M);ec X E is the same as the codimension of
(I'g)* C (T*M)k. Note that we have used a well known conclusion of the preimage theorem, look
at page 28 of [Gui+74]. By assumption, I'y C T*M has positive codimension which implies that
the codimension of (I'y)¥ in (T*M)" is at least k. So codimension of F, ' ((I'y)*¥) C (T*M)joc X E
is at least k. Therefore, because (T*M );o. has dimension 2d + 2, and we have k > 2d + 2, by
Sard’s theorem the projection of Fu_l1 ((FH)k) to E is nowhere dense. Hence, there exists © € E
arbitrary close to 0 such that @ does not belong to A(Fu_l1 ((FH)k)) For such u, there does not
exist © € (T* M)y such that ®(x,u; + @) € (I'g)*. Accordingly, for such @ there does not exist
x € (T*M)joc such that (z,uq1 + @) € R(n); Since that holds for each u; € C2.(M) we conclude
that A(((T*M)iee x CP(M)) NR(n)) is nowhere dense.

Proof of Lemma 8.2.4. Without loss of generality we assume that uy = 0. Because 9, H (z¢) # 0,
there exists § > 0, and a local coordinates around xg such that it maps zg to 02442 and we
have ¢'(0,0) = (te1,0) in the local coordinates for all ¢ € [—4,d]. Note that H is not necessarily
fiberwise iso-energetically non-degenerate at xg, that is why here in this proof —in contrary to
the proof of Lemma 3.2.3— we are not able to use the local coordinates given in Theorem 1.4.1.
However, with a review of the proofs of assertions (1) and (2) of Theorem 1.4.1, we recall that
the condition d,H (x¢) # 0 (which is weaker than xo ¢ I'y) is enough to conclude the assertions
(1) and (2) of Theorem 1.4.1.

Because zg is a neat point, we can reduce § if necessary in order to assure that 7 o 6(¢) has no
self-intersection, where t € [0, §]. Afterwards, we choose k+1 distinct o; € [0, 4], for 1 <4 < k+1.

Based on equation (3.2.3), we have

0,600 = 2,0'0.0) [ 10.0°0.0 |y O ol

Consider 7! (t) as the approximation of the Dirac delta distribution at the time o;, namely d;(t),
in a way that supp n! Clo;_1,0;[. That means as € approaches o; from left, the limit of n(t) in
the sense of distribution is equal to d;(¢).

Let h;; € C*°(M) be given such that

—dhij(ter) = n(t)e;,

where for 1 < j < d+ 1, e; is the standard basis of R4T!. Define I; := (0,¢;) € R4T x R+,
and W (t) := 0,¢'(0,0), then we have

9u97*(0,0)(hiz) ~ 1.
Furthermore, for all i’ > 4, we have
0y 97 (0,0)(hij) = W (i)W ™ (04)1;.

So we have
7 —1
———
8u<I>(07 0)(h”) ~ (O2d+27 ey 02d+27 lj, W(Ui+1)W_1(Ji)lj, ey W(G’k)W_l(Ji)lj) =: 19”

Since W (t) is invertible for all ¢ € [0,d], the vectors ¥;; € (R?*?*2)* are making a basis for the
subspace (0441 x R41)* which is transverse to (I'z)". O



Bibliography

[AB21]

[AB22]
[Abr70]

[Ad89)]

[Ano83|
|[AR67]

[BM15]

[CM13]

[Con10]
[Dev76]
[FR15]

[GGT3]

[GMKGS]|

[Gui+74]

Shahriar Aslani and Patrick Bernard. “Normal Form Near Orbit Segments of Convex
Hamiltonian Systems”. In: International Mathematics Research Notices (Jan. 2021).
rnaad44. 1SSN: 1073-7928. DOI: 10.1093/imrn/rnaa344.

Shahriar Aslani and Patrick Bernard. Bumpy metric theorem in the sense of Mané
for non-convex Hamiltonians. 2022.

R. Abraham. “Bumpy metrics”. In: Global Analysis (Proc. Sympos. Pure Math., Vol.
XIV, Berkeley, Calif., 1968). Amer. Math. Soc., Providence, R.I., 1970, pp. 1-3.

V. I. Arnol' d. Mathematical methods of classical mechanics. Second. Vol. 60. Grad-
uate Texts in Mathematics. Translated from the Russian by K. Vogtmann and A.
Weinstein. Springer-Verlag, New York, 1989, pp. xvi+508. 1SBN: 0-387-96890-3. DOI:
10.1007/978-1-4757-2063-1.

Dmitry V Anosov. “On generic properties of closed geodesics”. In: Mathematics of the
USSR-Izvestiya 21.1 (1983), pp. 1-29. DOL: 10.1070/im1983v021n01abeh001637.

Ralph Abraham and Joel Robbin. Transversal mappings and flows. An appendix by
Al Kelley. W. A. Benjamin, Inc., New York-Amsterdam, 1967, pp. x+161.

Patrick Bernard and Vito Mandorino. “Some remarks on Thom’s Transversality The-
orem”. In: Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 14.2
(2015), pp. 631-386.

C. M. Carballo and J. A. G. Miranda. “Jets of closed orbits of Mané’s generic Hamil-
tonian flows”. In: Bull. Braz. Math. Soc. (N.S.) 44.2 (2013), pp. 219-232. 1SSN: 1678-
7544. DOI: 10.1007/s00574-013-0010-1.

Gonzalo Contreras. “Geodesic flows with positive topological entropy, twist maps and
hyperbolicity”. In: Annals of Mathematics 172.2 (2010), pp. 761-808. 1sSN: 0003486X.

Robert L. Devaney. “Reversible Diffeomorphisms and Flows”. In: Transactions of the
American Mathematical Society 218 (1976), pp. 89-113. 1SsN: 00029947.

A. Figalli and L. Rifford. “Closing Aubry sets IT". In: Comm. Pure Appl. Math. 68.3
(2015), pp. 345-412. 1SsN: 0010-3640. DOI: 10.1002/cpa.21512.

Martin Golubitsky and Victor W. Guillemin. “Stable mappings and their singulari-
ties”. In: 1973.

D. Gromoll, W. Meyer, and W. Klingenberg. Riemannsche Geometrie Im Grossen
[von] D. Gromoll, W. Klingenberg, W. Meyer. Lecture notes in mathematics, 55.
Springer-Verlag, Heidelberg, 1968.

V. Guillemin et al. Differential Topology. Mathematics Series. Prentice-Hall, 1974.
ISBN: 9780132126052.

50


https://doi.org/10.1093/imrn/rnaa344
https://doi.org/10.1007/978-1-4757-2063-1
https://doi.org/10.1070/im1983v021n01abeh001637
https://doi.org/10.1007/s00574-013-0010-1
https://doi.org/10.1002/cpa.21512

Bibliography 51

[Har82]
[K1i78]

[Koz76]

[KT72]

[Kup64]

[Laz14]
[LNO5]

[LROS|

[LRR16]

[Mn96]

[MP70]

[Mun00]

[01i08]

[Pei67]

[PMM12]

[Rob70al

[Rob70b]

P. Hartman. Ordinary Differential Equations: Second Edition. Classics in Applied
Mathematics. Society for Industrial and Applied Mathematics, 1982.

W. Klingenberg. Lectures on Closed Geodesics. Grundlehren der mathematischen
Wissenschaften. Springer Berlin Heidelberg, 1978. 1SBN: 9783540083931.

V. V. Kozlov. “The principle of least action and periodic solutions in problems of clas-
sical mechanics”. In: Prikladnaia Matematika i Mekhanika 40 (June 1976), pp. 399
407.

Wilhelm Klingenberg and Floris Takens. “Generic properties of geodesic flows”. In:
Math. Ann. 197 (1972), pp. 323-334. 1SsN: 0025-5831. DOI: 10.1007/BF01428204.

Ivan Kupka. “Addendum et corrections au mémoire: “Contributions & la théorie des
champs génériques™. In: Contributions to Differential Equations 3 (1964), pp. 411-
420. 18SN: 0589-5839.

Ayadi Lazrag. “Control theory and dynamical systems”. PhD thesis. 2014.

YanYan Li and Louis Nirenberg. “The distance function to the boundary, Finsler
geometry, and the singular set of viscosity solutions of some Hamilton-Jacobi equa-
tions”. In: Communications on Pure and Applied Mathematics 58.1 (2005), pp. 85—
146. DoOI: 10.1002/cpa.20051.

Ernesto A. Lacomba and J. Guadalupe Reyes. “Non singular Hamiltonian systems
and geodesic flows on surfaces with negative curvature”. In: Publicacions Matema-
tiques 42.2 (1998), pp. 267-299. 1sSN: 02141493, 20144350.

Ayadi Lazrag, Ludovic Rifford, and Rafael O. Ruggiero. “Franks’ lemma for C?-Maé
perturbations of Riemannian metrics and applications to persistence”. In: J. Mod.
Dyn. 10 (2016), pp. 379-411. 1ssN: 1930-5311. DOI: 10.3934/jmd.2016.10.379.

Ricardo Mané. “Generic properties and problems of minimizing measures of La-
grangian systems”. In: Nonlinearity 9.2 (1996), pp. 273-310. 1sSN: 0951-7715. DOIL:
10.1088/0951-7715/9/2/002.

Kenneth R. Meyer and Julian Palmore. “A generic phenomenon in conservative
Hamiltonian systems”. In: Global Analysis (Proc. Sympos. Pure Math., Vol. XIV,
Berkeley, Calif., 1968). Amer. Math. Soc., Providence, R.I., 1970, pp. 185-189.

J.R. Munkres. Topology. Featured Titles for Topology. Prentice Hall, Incorporated,
2000. 1SBN: 9780131816299.

Elismar R. Oliveira. “Generic properties of Lagrangians on surfaces: the Kupka-Smale
theorem”. In: Discrete Contin. Dyn. Syst. 21.2 (2008), pp. 551-569. 1sSN: 1078-0947.
DOI: 10.3934/dcds.2008.21.551.

M. M. Peixoto. “On an approximation theorem of Kupka and Smale”. In: J. Dif-
ferential Equations 3 (1967), pp. 214-227. 1ssN: 0022-0396. pOI: 10.1016/0022 -
0396(67)90026-5.

J.J. Palis, A.K. Manning, and W. de Melo. Geometric Theory of Dynamical Systems:
An Introduction. Springer New York, 2012. 1SBN: 9781461257035. DOI: https://doi.
org/10.1007/978-1-4612-5703-5.

R. Clark Robinson. “Generic Properties of Conservative Systems”. In: American Jour-
nal of Mathematics 92.3 (1970), pp. 562-603. 1ssN: 00029327, 10806377.

R. Clark Robinson. “Generic Properties of Conservative Systems II”. In: American
Journal of Mathematics 92.4 (1970), pp. 897-906. 1sSN: 00029327, 10806377.


https://doi.org/10.1007/BF01428204
https://doi.org/10.1002/cpa.20051
https://doi.org/10.3934/jmd.2016.10.379
https://doi.org/10.1088/0951-7715/9/2/002
https://doi.org/10.3934/dcds.2008.21.551
https://doi.org/10.1016/0022-0396(67)90026-5
https://doi.org/10.1016/0022-0396(67)90026-5
https://doi.org/https://doi.org/10.1007/978-1-4612-5703-5
https://doi.org/https://doi.org/10.1007/978-1-4612-5703-5

Bibliography 52

[RR12]

[Shal7?]
[Sma63]

[Str1§]

[Tho54]

[Tyc26]

Ludovic Rifford and Rafael O. Ruggiero. “Generic properties of closed orbits of Hamil-
tonian flows from Mané’s viewpoint”. In: Int. Math. Res. Not. IMRN 22 (2012),
pp- 5246-5265. 1SSN: 1073-7928. DOI: 10.1093/imrn/rnr231.

S. Shahshahani. An Introductory Course on Differentiable Manifolds. Aurora: Dover
Modern Math Originals. Dover Publications, 2017. 1SBN: 9780486820828.

S. Smale. “Stable manifolds for differential equations and diffeomorphisms”. In: Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (3) 17 (1963), pp. 97-116. 1SsN: 0391-173X.

Franco Strocchi. A primer of analytical mechanics. Unitext for Physics. Springer,
Cham, 2018, pp. xi+114. 1SBN: 978-3-319-73760-7; 978-3-319-73761-4. DOI: 10.1007/
978-3-319-73761-4.

Réné Thom. “Quelques propriétés globales des variétés différentiables.” In: Commen-
tarii mathematici Helvetici 28 (1954), pp. 17-86.

A Tychonoff. “Uber einen Metrisationssatz von P. Urysohn”. In: Mathematische An-
nalen 95.1 (1926), pp. 139-142.


https://doi.org/10.1093/imrn/rnr231
https://doi.org/10.1007/978-3-319-73761-4
https://doi.org/10.1007/978-3-319-73761-4

COLOPHON

Mémoire de thése intitulé « Théoréme des métriques bosselées au sens de Mané pour les champs de vecteurs
Hamiltonien non convexey, écrit par Shahriar Aslani, achevé le juin 2022, composé au moyen du systéme de
préparation de document LaTeX et de la classe yathesis dédiée aux théses préparées en France.



THEOREME DES METRIQUES BOSSELEES AU SENS DE MANE POUR LES CHAMPS DE VEC-
TEURS HAMILTONIEN NON CONVEXE

Résumé

Une propriété est générique au sensé de Mané si, donné un Hamiltonien H : T*M — R, I’ensemble des
fonctions lisses u : M — R tel que H + u vérifie la propriété est un sous-ensemble générique de C*°(M).
Notre objectif est de savoir dans quelle mesure la non dégénérescence de toutes les orbites périodiques
dans un niveau d’énergie donné d’un Hamiltonien lisse non convexe est une propriété générique au sensé
de Mané. Ou la non-dégénérescence signifie que dérivée de l'application de Poincaré ne prend pas les
racines de 'unité comme une valeurs propre.

Pour atteindre cet objectif, nous obtiendrons un théoréme de perturbation pour les aplication de Poincaré
similaire au théoréme de Rifford et Ruggiero dans le cadre convexe, et une forme normale de type Fermi
sur les orbites d’un champ de vecteurs Hamiltonien non convexe. Ce sont deux outils applicables a I’étude
de la dynamique des champs de vecteurs Hamiltoniens non convexes. D’autre part, nous montrerons que
dans les cas convexes et non convexes, nous avons certainement besoin d’un mécanisme différent pour
prouver le théoréme des métrique bosselées pour les orbites symétriques. Une orbite symétrique est une
orbite dont la projection sur les variétés de base comprend soit des points d’auto-intersection, soit des
points & vitesse nulle. Ce fait a été négligé dans les études précédentes.

Une étude détaillée des formes normales locales sur les segments d’orbite d’un champ de vecteurs Ha-
miltonien est donnée. Cela inclut une forme normale pour les Hamiltoniens convexes, une forme normale
pour les Hamiltoniens positivement homogénes qui implique la forme normale de Li-Nienberg pour les
meétriques de Finsler, et comme nous ’avons mentionné une forme normale pour les Hamiltoniens non
convexes. De cette fagon, nous éliminons la confusion qui existe dans la littérature entre la forme nor-
male de Li-Nirenberg et une forme normale souhaitée similaire pour les champs de vecteurs Hamiltoniens
convexes.

Mots clés : Hamiltonien non convexe, théoréme des métriques bosselées, généricité au sens de Mané

BUMPY METRIC THEOREM IN THE SENSE OF MANE FOR NON-CONVEX HAMILTONIAN VEC-
TOR FIELDS

Abstract

A property (p) of smooth Hamiltonian vector fields is called Mafné-generic whenever the set of smooth
potentials u such that H + u satisfies the property (p) is a generic subset.

Given a non-convex smooth Hamiltonian H : T*M — R which is defined on the cotangent bundle of a
smooth manifold M, our goal in this thesis is to know that to what extent non-degeneracy of all periodic
orbits in a given energy level of H is a Mané generic property. Where by a periodic non-degenerate orbit
we mean a periodic orbit that its associated linearized Poincaré map does not take roots of unity as an
eigenvalue.

To that end, we will achieve a perturbation theorem for linearized Poincaré maps similar to Rifford
and Ruggiero’s theorem in the convex setting, and a Fermi type normal form on orbits of a non-convex
Hamiltonian vector field. These are two applicable tools in the study of non-convex Hamiltonian vector
fields. At the other hand, we will show that in both convex and non-convex cases we certainly need a
different machinery to prove the bumpy metric theorem for symmetric orbits. A symmetric orbit is an
orbit that its projection on the base manifolds includes either self-intersection points or points with zero
velocity. This fact was overlooked in previous studies.

A detailed study of local normal forms on orbit segments of a Hamiltonian vector field is given. That
includes a normal form for convex Hamiltonians, a normal form for positively homogeneous Hamiltonians
that implies Li-Nienberg normal form for Finsler metrics, and as we mentioned a normal form for non-
convex Hamiltonians. In this way, we remove the confusion that exists in the literature between Li-
Nirenberg normal form and a similar desired normal form for convex Hamiltonian vector fields.

Keywords: non-convex Hamiltonians, bumpy metric theorem, Mané-generic properties







RESUME

Une propriété est générique au sensé de Mané si, donné un Hamiltonien H : T*M — R, I'ensemble des fonctions lisses
u: M — R tel que H + u vérifie la propriété est un sous-ensemble générique de C*°(M).

Notre objectif est de savoir dans quelle mesure la non dégénérescence de toutes les orbites périodiques dans un ni-
veau d’énergie donné d’'un Hamiltonien lisse non convexe est une propriété générique au sensé de Mafné. Ou la non-
dégénérescence signifie que dérivée de I'application de Poincaré ne prend pas les racines de I'unité comme une valeurs
propre.

Pour atteindre cet objectif, nous obtiendrons un théoréme de perturbation pour les aplication de Poincaré similaire au
théoréme de Rifford et Ruggiero dans le cadre convexe, et une forme normale de type Fermi sur les orbites d’'un champ
de vecteurs Hamiltonien non convexe. Ce sont deux outils applicables a I'étude de la dynamique des champs de vecteurs
Hamiltoniens non convexes. D’autre part, nous montrerons que dans les cas convexes et non convexes, nous avons
certainement besoin d’'un mécanisme différent pour prouver le théoréme des métrique bosselées pour les orbites sy-
métriques. Une orbite symétrique est une orbite dont la projection sur les variétés de base comprend soit des points
d’auto-intersection, soit des points a vitesse nulle. Ce fait a été négligé dans les études précédentes.

Une étude détaillée des formes normales locales sur les segments d’orbite d’'un champ de vecteurs Hamiltonien est
donnée. Cela inclut une forme normale pour les Hamiltoniens convexes, une forme normale pour les Hamiltoniens positi-
vement homogénes qui implique la forme normale de Li-Nienberg pour les métriques de Finsler, et comme nous I'avons
mentionné une forme normale pour les Hamiltoniens non convexes. De cette fagon, nous éliminons la confusion qui existe
dans la littérature entre la forme normale de Li-Nirenberg et une forme normale souhaitée similaire pour les champs de
vecteurs Hamiltoniens convexes.

MOTS CLES

Hamiltonien non convexe, Théoréme des métriques bosselées, Généricité au sens de Mané

ABSTRACT

A property (p) of smooth Hamiltonian vector fields is called Marié-generic whenever the set of smooth potentials u such
that H + u satisfies the property (p) is a generic subset.

Given a non-convex smooth Hamiltonian H : T*M — R which is defined on the cotangent bundle of a smooth manifold
M, our goal in this thesis is to know that to what extent non-degeneracy of all periodic orbits in a given energy level of
H is a Mané generic property. Where by a periodic non-degenerate orbit we mean a periodic orbit that its associated
linearized Poincaré map does not take roots of unity as an eigenvalue.

To that end, we will achieve a perturbation theorem for linearized Poincaré maps similar to Rifford and Ruggiero’s theorem
in the convex setting, and a Fermi-like normal form on orbits of a non-convex Hamiltonian vector field. These are two
applicable tools in the study of non-convex Hamiltonian vector fields. At the other hand, we will show that in both convex
and non-convex cases we certainly need a different machinery to prove the bumpy metric theorem for symmetric orbits.
A symmetric orbit is an orbit that its projection on the base manifolds includes either self-intersection points or points with
zero velocity. This fact was overlooked in previous studies.

A detailed study of local normal forms on orbit segments of a Hamiltonian vector field is given. That includes a normal
form for convex Hamiltonians, a normal form for positively homogeneous Hamiltonians that implies Li-Nienberg normal
form for Finsler metrics, and a normal form for non-convex Hamiltonians. In this way, we remove the confusion that exists
in the literature between Li-Nirenberg normal form and a similar desired normal form for convex Hamiltonian vector fields.

KEYWORDS

Non-convex Hamiltonians, Bumpy metric theorem, Mané generic properties
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